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 A B S T R A C T

Innovation is cumulative and interdependent: successful inventions build on prior knowledge within technolog-
ical fields and may also affect success across related ones. Yet these dimensions are often studied separately 
in the innovation literature. This paper asks whether patent success across technological categories can be 
represented within a single dynamic framework that jointly captures within-category reinforcement, cross-
category spillovers, and a set of aggregate regularities observed in patent data. To address this question, we 
propose a model of interacting reinforced Bernoulli processes in which the probability of success in a given 
category depends on past successes both within that category and across other categories. The framework yields 
joint predictions for success probabilities, cumulative successes, relative success shares, and cross-category 
dependence.

We implement the model using granted US patent families from GLOBAL PATSTAT (1980–2018), defining 
category-specific success through a cohort-normalized forward-citation index. The empirical analysis shows 
that successful innovations continue to accumulate, but less than proportionally to the growth in patent 
opportunities, while technological categories remain interdependent without becoming homogeneous. Under 
a mean-field restriction, the model-based inferential exercise points to a positive but non-maximal interaction 
across technological categories.
1. Introduction

Innovation is cumulative and interdependent. Innovative success 
builds on prior knowledge within technological fields, but it is also 
shaped by spillovers across related fields. These two ideas run through 
much of the innovation literature. Early work emphasized the role 
of research, technological opportunity, and appropriability conditions 
in shaping inventive performance (Griliches, 1958; Evenson, 1968; 
Levin et al., 1985; Jaffe, 1986). Subsequent contributions showed 
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that innovative activity also differs systematically across sectors be-
cause of differences in cumulativeness, demand conditions, and sectoral 
regimes (Malerba and Orsenigo, 1996; Malerba, 2002). A related liter-
ature documented intersectoral technological linkages and knowledge 
spillovers, highlighting how inventive activity in one domain may 
affect innovation in other technologically related domains (Rosenberg, 
1979; Scherer, 1982; Jaffe, 1989). More recently, work on recombinant 
innovation and on the ‘‘adjacent possible’’ has stressed that innovation 
often proceeds through combinations of related knowledge elements 
and expansion into nearby technological opportunities (Fleming, 2001; 
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Kauffman, 2000; Monechi et al., 2017; Taalbi, 2020). At the same time, 
a long tradition — from early concerns about the rate of invention to 
recent evidence on declining disruptiveness and research productivity 
— suggests that producing influential innovations may become more 
difficult as the stock of existing knowledge expands (Stafford, 1952; 
Schmookler, 1954; Jones, 1995a,b; Ha and Howitt, 2007; Park et al., 
2023; Madsen et al., 2024).

What is less developed in the innovation literature is a parsimo-
nious dynamic framework that studies these elements within a single 
empirical setting. The literature has documented cumulativeness within 
fields, spillovers across fields, and broad regularities in innovative out-
comes, but these dimensions are often examined separately or through 
reduced-form correlations, proximity measures, and network mappings 
rather than through a common dynamic model of innovation success 
(Jaffe, 1989; Pichler et al., 2020; Taalbi, 2020; Colladon et al., 2025). 
This paper addresses that issue by asking whether innovation success 
across technological categories can be represented within a single 
stochastic framework that jointly captures within-category reinforce-
ment, cross-category spillovers, and a small set of aggregate patterns 
observed in patent data.

We propose such a framework. Specifically, we model category-
specific patent successes as a system of interacting reinforced Bernoulli 
processes. At each patent time-step, a category-specific indicator takes 
value one if the patent qualifies as a success in that category and 
zero otherwise. The probability of success in category ℎ depends on 
past successes in the same category and on cumulative successes in 
other categories. Cross-category dependence is summarized by a non-
negative interaction matrix 𝛤 = (𝛾𝑗,ℎ), which should be interpreted as a 
reduced-form representation of technological linkages rather than as a 
model of how such linkages themselves emerge. In this sense, the paper 
does not endogenize the formation of technological relations; rather, it 
studies the dynamic implications of reinforcement and interdependence 
for the evolution of innovation success across categories.

The empirical application uses granted US patent families from 
GLOBAL PATSTAT, classified at the CPC-1 level. Our empirical ob-
ject is not patenting per se, nor novelty in the legal sense used in 
patent examination. Rather, it is success in a technological category, 
measured ex post through technological influence on subsequent in-
ventions. This distinction matters. In the innovation literature, novelty 
and radicalness are broader concepts than legal novelty and are often 
associated with recombination, distinctiveness, and impact (Fleming, 
2001; Dahlin and Behrens, 2005). In the present paper, however, 
we focus on success as the observable outcome to be modeled dy-
namically. As baseline outcome, we define a category-specific patent 
success through a cohort-normalized forward-citation measure follow-
ing Squicciarini et al. (2013): for a given patent and target category, 
we count subsequent citations from patents in that category within 
a fixed time window (equal for all the patents) and normalize by 
the maximum value observed in the patent’s year-by-category cohort. 
This normalization is intended to improve comparability across cohorts 
and technological classes, but it does not mechanically impose the 
dynamic patterns studied later in the paper. Indeed, it is a within-
cohort rescaling, whereas the theoretical results concern the sequential 
accumulation of successes across patents in system time. In other terms, 
the normalization makes patents more comparable across cohorts, but 
the dynamical properties of the model arise from the reinforcement 
mechanism rather than from the normalization itself. In addition, note 
that, in order to neutralize the mechanical right-truncation problem 
associated with unequal citation windows, we pay attention to the fact 
that all the patents considered for the empirical analysis share the same 
time-window to receive citations.

This empirical construction yields, for each patent and category, 
a binary success indicator that can be interpreted as the observable 
counterpart of the success events studied in the model. The relevant 
time dimension is system time: the model concerns the conditional 
probability that the next observed patent is a success in category ℎ, 
given the history of previously observed patents. This point is important 
for interpretation. When the model implies declining success probabil-
ities, it does not refer to a purely mechanical  trend in calendar time. 
2 
Rather, it means that, as the number of patent opportunities already 
observed increases, cumulative successes grow less than proportionally. 
In this sense, success becomes rarer per patent opportunity, not because 
a downward trend is imposed ex ante, but because it is implied by 
the reinforcement dynamics. The latter pattern is consistent with the 
idea that influential innovations may become harder to generate as 
the system expands and the knowledge burden increases (Bloom et al., 
2020; Jones, 2009).

The paper contributes to innovation research by proposing a dy-
namic stochastic framework for category-specific innovation success 
that jointly captures cumulativeness within technological categories 
and spillovers across categories. The framework yields three aggregate 
implications that can be taken to the data: cumulative successes grow 
sublinearly in system time; relative success shares across categories 
stabilize in the long run; and cross-category comovement weakens over 
time in the empirically relevant unbalanced case. We compare these 
implications with patent data and complement this comparison with a 
parsimonious inference exercise on interaction intensity under a mean-
field restriction. Appendix  E provides an econometric analysis as a 
robustness check to confirm whether the successes in a target category 
are positively associated with past successes in the same category 
(path dependence) and with past successes in the other categories 
(cross-fertilization).

The remainder of the paper is organized as follows. Section 2 defines 
the category-level success measure and discusses its interpretation. 
Section 3 presents the interacting Bernoulli framework and its main 
theoretical implications. Section 4 examines whether the aggregate 
patterns predicted by the model are present in the patent data and 
reports the complementary inference exercise on interaction intensity. 
Section 5 concludes. Finally, the appendix contains an examination of 
the meaning of novelty in the literature and collects technical results, 
together with the corresponding analytical proofs, and additional data 
analysis.

2. Category forward citation index and definition of ‘‘success’’

In this paper, patents are used as observable innovation outcomes. 
Our empirical object is not patenting per se, but whether a patent 
qualifies as a successful innovation in a given technological category 
according to an ex post citation-based criterion. This distinction is im-
portant. In patent examination, novelty is a legal requirement: a patent 
must be new relative to the prior art at the time of filing. In the innova-
tion literature, however, novelty and radicalness are broader concepts, 
often linked to recombination, distinctiveness, and subsequent impact 
(Fleming, 2001; Dahlin and Behrens, 2005).  Furthermore, following 
Dahlin and Behrens (2005), radical inventions are typically understood 
as combining novelty, uniqueness, and impact. In this sense, novelty 
is one dimension of radicalness rather than a separate concept that 
we aim to distinguish from it. Our empirical measure does not aim to 
operationalize novelty in all these senses. Rather, it focuses on success
as an observable ex post measure of technological influence. A patent 
may therefore be legally novel and yet have limited technological 
impact, while a highly cited patent may indicate an invention that 
was proven especially important for later developments.  Similarly, 
we do not interpret patents classified as successful in our framework 
as necessarily novel or radical. Rather, as noted above, these are 
patents that became influential for subsequent inventive activity within 
a given technological category. Importantly, the proposed methodology 
could, in principle, be applied to alternative patent-based measures 
of novelty or radicalness. However, our baseline empirical application 
focuses on citation-based success. For the described reasons, throughout 
the paper we reserve the term ‘‘success’’ for patents that exceed a 
category-specific threshold based on forward citations.

Forward citations are widely used in the innovation literature as 
indicators of the technological importance of patents for subsequent 
developments (Dahlin and Behrens, 2005; Squicciarini et al., 2013). 
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We therefore build on the forward-citation index proposed by Squic-
ciarini et al. (2013), adapting it to a category-specific setting. The 
empirical construction is not tied to a specific classification system or 
to this particular index: the same framework could be implemented 
with alternative taxonomies or alternative measures of technological 
influence.2

We consider a finite set  of technological categories. For each 
patent 𝑛, we denote by 𝑐𝑛 its source category in the empirical clas-
sification and by 𝑑𝑛 its publication (full) date. Success, however, is 
evaluated separately for each target category ℎ ∈ . Hence, a patent 
is associated with one source category 𝑐𝑛 but may qualify as a success 
in none, one, or several target categories, depending on the citations it 
subsequently receives from patents in those categories. This distinction 
between source category and target-category success is central to the 
empirical construction used in the rest of the paper.

At the empirical level, technological categories are defined at the 
CPC-1 level. On the citing side, category-specific citation counts may 
reflect all technological categories represented in the citing patent, so 
the target-category dimension can incorporate multiple CPC-1 classes. 
By contrast, whenever a unique source category is required in the 
empirical analysis below, each patent is assigned to a single CPC-1 
source category, defined as the modal first-level CPC letter among the 
CPC codes associated with that patent in the original data.

For a given patent 𝑛, with publication date 𝑑𝑛, and for each category 
ℎ ∈ , let
𝐶𝐼𝑇𝑛,ℎ

denote the number of patents published in the period [𝑑𝑛, 𝑑𝑛 +365×𝑇 ], 
belonging to category ℎ, and citing patent 𝑛.

Now consider patent 𝑛, published in year 𝑦𝑛 and belonging to source 
category 𝑐𝑛. We refer to the set of patents published in the same year 
𝑦𝑛 and belonging to the same source category 𝑐𝑛 as the cohort of patent 
𝑛. For each target category ℎ, we define the index

𝐼𝑛,ℎ =
𝐶𝐼𝑇𝑛,ℎ

max{𝑖∈cohort of 𝑛} 𝐶𝐼𝑇𝑖,ℎ
.

Thus, 𝐼𝑛,ℎ measures the forward citations received by patent 𝑛 from 
category ℎ, normalized by the maximum value observed within the 
patent’s publication year/source-category cohort.

Note that, in practical applications, if the available dataset includes 
patents published up to a certain year 𝑇𝑓 , then, once the size 𝑇
of the time-window for the index calculation has been chosen, the 
analysis should be performed on the patents with publication year 
less than or equal to (𝑇𝑓 − 𝑇 ), so that, for each considered patent, 
the entire time-window [𝑑𝑛, 𝑑𝑛 + 365 × 𝑇 ] required for computing the 
index would be available. This would neutralize the mechanical right-
truncation problem associated with unequal citation windows: indeed, 
all the patents considered for the analysis would have the same time-
window of 𝑇  years to receive citations. Moreover, the purpose of the 
normalization in 𝐼𝑛,ℎ is the following. It accounts for the fact that 
forward citations vary substantially across publication years and tech-
nological categories, making raw citation counts difficult to compare 
across cohorts. The normalization is computed within the patent’s 
publication-year/source-category cohort, in order to mitigate compara-
bility problems in citation counts. However, the normalization does not 
mechanically impose the dynamic patterns studied later in the paper: it 
is a within-cohort rescaling, whereas the theoretical results concern the 
sequential accumulation of successes across patents in system time. In 
other words, the normalization makes patents more comparable across 
cohorts, but the asymptotic properties of the model arise from the 
reinforcement dynamics rather than from the normalization itself.3

2 A review of novelty and impact measures that could be used in our setting 
is provided in Appendix  A.
3 
This category-specific index is a disaggregation of the forward-
citation index in Squicciarini et al. (2013). Indeed, if 𝐼𝑆 (𝑛) denotes their 
index, then

𝐼𝑆 (𝑛) =
𝐶𝐼𝑇𝑛

max{𝑖∈cohort of 𝑛} 𝐶𝐼𝑇𝑖
=

∑

ℎ∈

max{𝑖∈cohort of 𝑛} 𝐶𝐼𝑇𝑖,ℎ
max{𝑖∈cohort of 𝑛} 𝐶𝐼𝑇𝑖

𝐼𝑛,ℎ.

Remark 1 (Invariance Property of the Index). Note that, if we restrict 
our attention to (or we can observe) only the patents published in a 
certain category ℎ∗, then, for each patent 𝑛 belonging to this category, 
the index value 𝐼𝑛,ℎ∗  remains well defined and its value does not change 
with respect to the one computed if we consider all the published 
patents. Indeed, its definition is based only on the observation of the 
patents belonging to category ℎ∗.

By construction, 𝐼𝑛,ℎ ∈ [0, 1]. To obtain the binary success indicators 
required by the model, we fix a threshold 𝜏 and classify a patent as a 
success in category ℎ whenever its index exceeds that threshold.4 The 
threshold therefore translates a continuous measure of technological 
influence into a success/failure outcome. Different threshold choices 
correspond to different degrees of selectivity in the definition of suc-
cess; for this reason, the choice of 𝜏 and its empirical implications are 
discussed in the Appendix  D and revisited in the data analysis.

Definition 2.1 (Success in Category ℎ). Given a threshold 𝜏, patent 𝑛 is 
said to be a success in category ℎ if
𝐼𝑛,ℎ > 𝜏.

Accordingly, let 𝑋𝑛,ℎ be the binary variable equal to 1 if patent 𝑛
is a success in category ℎ and equal to 0 otherwise. This yields a finite 
system of Bernoulli processes,
{𝑋(ℎ) = (𝑋𝑛,ℎ)𝑛 ∶ ℎ ∈ },

which provides the empirical counterpart of the success events modeled 
in the next section. These indicators are not assumed to be independent. 
Rather, they are the observable category-specific success events whose 
dynamics we seek to represent through within-category reinforcement 
and cross-category interdependence.

In the next section, we introduce the dynamic stochastic framework 
and derive the aggregate implications that will later be compared with 
the patent data. Although the empirical implementation developed 
here is based on CPC categories and a citation-based success mea-
sure, the same methodological approach can be adapted to alternative 
classifications and alternative success indicators.

3. A dynamic framework for innovation success across categories

This section develops the stochastic model which is at the core 
of the paper. Starting from category-specific success indicators, such 
as the ones introduced in Section 2, we describe how innovation 

3 An additional reason for working with success indicators rather than 
cumulative patent counts is that this approach mitigates the initial-stock 
problem arising from the finite observation window. If the empirical outcome 
were the cumulative stock of patents, starting the sample in a given year 𝑇0
would exclude patents published before that date, making the initial stock 
arbitrary. By contrast, the success indicator is defined at the patent level, using 
forward citations received within a fixed time horizon and normalized within 
each publication-year/source-category cohort. As a result, patents published 
before the beginning of the sample are not required to classify post-𝑇0 patents 
as successes or failures. Earlier technological history may still influence the 
dynamics through the model’s initial conditions, but it does not enter the 
empirical outcome as an omitted cumulative patent stock.

4 The threshold does not determine which patents enter the sample. Rather, 
it determines whether each patent-category observation is coded as a success 
or a failure.
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success evolves when it is both cumulative within technological cate-
gories and interdependent across related categories. The purpose of the 
model is to characterize the dynamic implications of reinforcement and 
cross-category interdependence for the evolution of category-specific 
innovation success over time.

In the patent application considered in this paper, each process 
refers to a technological category and the time-step 𝑡 indexes patents 
sequentially according to publication date. Unless otherwise specified, 
however, the model is presented in a general form and may be applied 
in other contexts as well.

Let  be a finite set with 𝑁 = card(). We are going to define 
a system {𝑋(ℎ) = (𝑋𝑡,ℎ)𝑡∈N⧵{0} ∶ ℎ ∈ } of Bernoulli processes with 
parameters evolving along time according to a reinforcement rule with 
interaction: specifically, for each 𝑡 ≥ 0, let 𝑋𝑡+1,1,… , 𝑋𝑡+1,𝑁  be 𝑁
Bernoulli random variables, that are conditionally independent given 
the past and such that 
𝑃𝑡,ℎ = 𝑃 (𝑋𝑡+1,ℎ = 1 ∣ past until time-step 𝑡)

=
𝜃ℎ +

∑

𝑗∈ 𝛾𝑗,ℎ𝑆𝑡,𝑗

𝑐 + 𝑡

(1)

where 𝜃ℎ > 0, 𝑐 ≥ 𝜃ℎ are parameters that tune the initial condition in 
the model dynamics (for details, see (B.1) in Appendix  B) and 𝑆𝑡,𝑗 =
∑𝑡

𝑛=1 𝑋𝑛,𝑗 is the number of successes until time-step 𝑡 for process 𝑗.
The parameters 𝛾𝑗,ℎ play the fundamental role in the dynamics of the 

system (see again (B.1)) and summarize how past successes in category 
𝑗 affect future success in category ℎ. We refer to the matrix 𝛤 = (𝛾𝑗,ℎ)𝑗,ℎ
as the interaction matrix. In the empirical interpretation of the model, 
𝛤  should be read as a reduced-form representation of technological 
interdependence across categories. We further assume the following 
conditions:

1) 𝛤  is non-negative and such that 𝟏⊤𝛤 ≤ 𝟏⊤ (where 𝟏 = (1,… , 1)⊤), 
i.e. ∑𝑗∈ 𝛾𝑗,ℎ ≤ 1 for each ℎ ∈  so that we have 𝑃𝑡,ℎ ∈ (0, 1);

2) 𝛤  is irreducible, that is the graph with the Bernoulli processes as 
nodes and with 𝛤  as the (weighted) adjacency matrix is strongly 
connected. (In Appendix  C we will discuss the case of a reducible 
matrix 𝛤 .5)

Assumption (1) ensures that reinforcement does not make success 
probabilities explode beyond the unit interval, while Assumption (2) 
guarantees that no category is isolated from the rest of the system. 
Together, these conditions describe a setting in which successes can 
propagate across categories – consistently with the innovation literature 
emphasizing that technological outcomes are shaped by interdepen-
dence and spillovers across related domains rather than evolving in 
isolation (Jaffe, 1989; Taalbi, 2020)– but in a statistically novel and 
well-defined way6

5 This extension may be particularly relevant in contexts where the USPTO 
–or other patent offices—modify the structure of technological categories 
through reclassification (Lafond and Kim, 2019; Chae and Gim, 2019) thus 
changing the landscape of interaction among the latter.

6 Namely, our framework relates to the literature on reinforced stochastic 
processes surveyed by Pemantle (2007), which includes generalized Pólya 
urns, interacting urn models, and other processes with reinforcement. Relative 
to that literature, our contribution is to formulate a multi-category system of 
patent-success processes with an economically interpretable interaction matrix 
and to derive joint predictions for success probabilities, cumulative successes, 
relative shares, cross-category dependence, and shock propagation.
The economic interpretation of the model is straightforward. A higher 

number of past successes in category ℎ raises the probability of future success 
in the same category. At the same time, past successes in other categories may 
also raise the probability of success in ℎ, capturing cross-category spillovers 
and technological interdependence. The parameters 𝛾𝑗,ℎ govern the strength 
of these direct cross-category effects. In other words, given the sequence of 
patents observed up to time 𝑡, the probability that the next patent is a success 
4 
More formally, at each time-step 𝑡, the probability 𝑃𝑡,ℎ that we will 
have a success for process ℎ at time-step 𝑡 + 1 can have an increasing 
dependence, not only on the number of successes observed in process 
ℎ itself, according to a self-reinforcement principle (Pemantle, 2007), but 
also on the number 𝑆𝑡,𝑗 of successes observed in any other process 
𝑗 until time-step 𝑡 (a property that we call cross-reinforcement). The 
parameter 𝛾𝑗,ℎ regulates this dependence (with 𝛾𝑗,ℎ = 0 meaning the 
absence of direct dependence). In other words, for each pair (𝑗, ℎ) of 
processes, the parameter 𝛾𝑗,ℎ quantifies how much the appearance of a 
success in process 𝑗 induces a potential future success in process ℎ. It is 
important to note that the assumption of irreducibility of 𝛤  entails an
interaction in this sense among all the processes: process 𝑗 can reinforce 
process ℎ directly (the case when 𝛾𝑗,ℎ > 0) or indirectly, through the 
presence of at least one path joining them.

We first characterize the long-run behavior of success probabili-
ties. This result is useful for interpretation, because it shows when 
influential innovations become rarer relative to the number of patent 
opportunities generated by the system.

Theorem 3.1.  Under assumptions (1) and (2), denote by 𝛾∗ ∈ (0, 1]
the Perron–Frobenius eigenvalue of 𝛤 . Then, for each ℎ ∈ , we have as 
the number 𝑡 of patents grows

𝑡1−𝛾
∗
𝑃𝑡,ℎ

𝑎.𝑠.
⟶ 𝑃∞,ℎ,

where 𝑃∞,ℎ is a finite strictly positive random variable. Moreover, for each 
ℎ, 𝑗 ∈ , the ratio 𝑃∞,ℎ∕𝑃∞,𝑗 of the above limit random variables is almost 
surely equal to the deterministic quantity 𝑢ℎ∕𝑢𝑗 > 0, where 𝐮 = (𝑢ℎ)ℎ is 
the (unique up to a multiplicative non-zero constant) left eigenvector of 𝛤
associated to 𝛾∗. Finally, the above convergence is also in quadratic mean.

We recall that – according to the Perron–Frobenius theory – the 
components of the vector 𝐮 are all different from zero and with the 
same sign and, in graph theory, they correspond to the relative eigen-
vector centrality scores (with respect to 𝛤⊤).7 Hence, the quantity 
𝑢ℎ is a (relative) measure of how strongly category ℎ is exposed to 
successes coming from categories that are themselves central in the 
system of technological interdependencies, consistently with the idea 
that technological position and network linkages shape both spillovers 
and subsequent innovative outcomes (Jaffe, 1989; Taalbi, 2020).

This result implies that

• in the case 𝛾∗ < 1 (that is when 𝟏⊤𝛤 ≠ 𝟏⊤) the probabil-
ity of observing a success converges almost surely toward zero, 
i.e. successful innovations continue to occur, but they become 
progressively rarer relative to the number of patent opportunities 
observed in the system and this convergence happens sublinearly 
at the same rate 1∕𝑡(1−𝛾∗) for every process (category) ℎ;

• in the case 𝛾∗ = 1 (that is when 𝟏⊤𝛤 = 𝟏⊤) the probability of 
observing a success in process ℎ converges almost surely to a 
finite strictly positive random limit, which is the same for each 

in category ℎ depends on the cumulative record of past successes both within 
category ℎ and across other categories. In this sense, our framework provides 
a dynamic stochastic representation of how within-category cumulativeness 
and cross-category spillovers jointly shape the evolution of innovation success, 
capturing cumulativeness and path dependence within technological fields.

7 The eigenvector centrality is a measure of the importance of a node in a 
graph with respect to its out-links (if it is computed for the adjacency matrix) 
or its in-links (if it is computed for the transpose of the adjacency matrix). A 
high eigenvector centrality score means that the node points to, or respectively 
is pointed to by, many nodes with high scores. In the above theorems, 𝐮 is the 
vector of the relative eigenvector centrality scores with respect to 𝛤 ⊤ and, 
hence, by (1), a high value of 𝑢ℎ means that the probability of having a 
success for process ℎ depends on the number of past successes observed in 
many processes that themselves have high scores.
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process (note that in this case 𝐮 is, up to a multiplicative non-
zero constant, equal to the vector 𝟏); in other words, at the 
steady state, the probability of having a success in a process is 
the same for each process of the system. Economically, this means 
that cross-category reinforcement is strong enough to prevent the 
long-run success probability from vanishing.

Remark 2.  A clarification on the time scale is useful here. The 
quantity 𝑃𝑡,ℎ is defined in system time: it is the probability that the next 
patent in the sequence is a success in category ℎ, conditional on the 
history of previously observed patents. Therefore, the statement that 
𝑃𝑡,ℎ declines when 𝛾∗ < 1 should not be read as a purely calendar-
time trend. Rather, it means that, conditional on the number of patent 
opportunities already generated by the system, additional successes 
become progressively rarer. This is precisely why the result is non-
trivial. The model does not start from an assumed decline in 𝑃𝑡,ℎ. 
Instead, the decline is derived from the reinforcement dynamics and 
the interaction structure summarized by 𝛤 . The asymptotic relation 
for 𝑆𝑡,ℎ implies that success probabilities decrease because cumulative 
successes grow less than proportionally with the number of observed 
patent opportunities.

This distinction is useful for interpreting the model in innovation 
terms. When 𝛾∗ < 1, the system displays a form of subcritical re-
inforcement: past successes still matter, but not enough to sustain a 
constant rate of influential innovations as the system expands. When 
𝛾∗ = 1, instead, interdependencies across categories are sufficiently 
strong to keep success probabilities persistently positive in the long 
run. This interpretation is consistent with the literature showing, on 
the one hand, that the absence of autocatalytic structures can weaken 
innovation dynamics (Napolitano et al., 2018) and, on the other hand, 
that cross-domain knowledge flows and technological linkages can 
sustain innovation opportunities across domains (Jaffe, 1989; Kim and 
Magee, 2017; Taalbi, 2020). As we will see in what follows, our data 
analysis points to the empirically relevant case 𝛾∗ < 1.

The most relevant implications for the empirical analysis concern 
the observable cumulative counts of successes. Unlike the conditional 
probabilities 𝑃𝑡,ℎ, these quantities can be directly constructed from the 
patent data and therefore provide the main bridge between the model 
and the empirical patterns studied in Section 4.

In particular, from Theorem  3.1, we can also deduce the following 
result for the processes (𝑆𝑡,ℎ)𝑡, with ℎ ∈ , that represent the number of 
successes observed along time in each Bernoulli process ℎ. We enforce 
here again that, differently from the previous quantities 𝑃𝑡,ℎ, that are 
not observable (due to the presence of the unknown model parameters), 
the quantities 𝑆𝑡,ℎ can be directly observed and so used for data analyses.

Theorem 3.2.  Under assumptions (1) and (2), denote by 𝛾∗ ∈ (0, 1]
the Perron–Frobenius eigenvalue of 𝛤  and by 𝐮 = (𝑢ℎ)ℎ its corresponding 
(unique up to a multiplicative non-zero constant) left eigenvector. Then, for 
each ℎ ∈ , we have
𝑆𝑡,ℎ

𝑡𝛾∗
𝑎.𝑠.
⟶ 𝑆∞,ℎ,

where 𝑆∞,ℎ is a finite strictly positive random variable. Moreover, for each 
ℎ, 𝑗 ∈ , we have
𝑆𝑡,ℎ

𝑆𝑡,𝑗

𝑎.𝑠.
⟶

𝑢ℎ
𝑢𝑗

and
𝑆𝑡,ℎ

∑𝑁
𝑗=1 𝑆𝑡,𝑗

𝑎.𝑠.
⟶

𝑢ℎ
∑𝑁

𝑗=1 𝑢𝑗
.

This result states that the number 𝑆𝑡,ℎ of successes for all the pro-
cesses ℎ grows with the same Heaps’ exponent 𝛾∗ ∈ (0, 1]: that is 𝑆𝑡,ℎ

𝑎.𝑠.∼
𝑆∞,ℎ 𝑡𝛾

∗ . In addition, the ratio 𝑆𝑡,ℎ∕𝑆𝑡,𝑗 provides a strongly consistent 
estimator of the ratio 𝑢ℎ∕𝑢𝑗 of the relative eigenvector centrality scores 
(with respect to 𝛤⊤) of the two nodes (processes) ℎ and 𝑗 and the 
share of successes observed for process ℎ converges almost surely to 
the absolute eigenvector centrality score of ℎ.
5 
It is interesting to note that, in the innovation framework, Theorem 
3.2 highlights how the long-run proportions of successful patents in 
each category reflect the connectedness and influence of that cate-
gory within the broader innovation network. While this relationship 
is formally established in the present work, related insights have been 
suggested in the literature without formal proof. For example, Pichler 
et al. (2020) show that the innovation rate of a technological domain 
is influenced by the innovation rates of the domains it depends on. 
Similarly, Sampat and Ziedonis (2005), Zhang et al. (2025) emphasize 
the importance of the quality of a patent’s prior connections as well as 
their technological domain.

Because the framework is stochastic, it also yields implications for 
fluctuations and cross-category comovement. We believe that the latter 
additional implication of the model may highlight interesting implica-
tions as the uncertainty (or volatility) of innovation processes within 
technological domains – with higher variance often associated with 
emerging or rapidly evolving fields – has long attracted the broader in-
novation literature (Jalonen and Lehtonen, 2011; Jalonen, 2012; Allen, 
2013). This shows the potential of our setting, whose stochastic nature 
makes it possible to characterize not only average success dynamics 
but also how fluctuations and cross-category comovements evolve over 
time.

Notice that the framework abstracts from exogenous latent common 
factors. Therefore, the result below should be interpreted as a model-
based implication of the interaction structure 𝛤 , rather than as a 
claim that all observed comovement in the data must necessarily arise 
from direct interactions alone. The next theorem is a consequence 
of Theorem  3.1 and it characterizes how volatility and cross-category 
dependence evolve over time.

Theorem 3.3.  Under assumptions (1) and (2), denote by 𝛾∗ ∈ (0, 1]
the Perron–Frobenius eigenvalue of 𝛤  and by 𝐮 = (𝑢ℎ)ℎ its corresponding 
(unique up to a multiplicative non-zero constant) left eigenvector. Then, for 
each ℎ ∈ , we have
𝑡1−𝛾

∗
𝑉 𝑎𝑟[𝑋𝑡+1,ℎ] ⟶ |𝑢ℎ| 𝛼(𝐮) ,

where 𝛼(𝐮) > 0 (and such that 𝛼(𝐶𝐮) = 𝛼(𝐮)∕|𝐶| for each constant 𝐶 ≠ 0). 
Moreover, for each pair ℎ ≠ 𝑗 of different processes, we get
𝑡2(1−𝛾

∗)𝑐𝑜𝑣(𝑋𝑡+1,ℎ, 𝑋𝑡+1,𝑗 ) ⟶ 𝑢ℎ𝑢𝑗𝜎
2(𝐮),

where 𝜎2(𝐮) > 0 (and such that 𝜎2(𝐶𝐮) = 𝜎2(𝐮)∕𝐶2 for each constant 
𝐶 ≠ 0), so that
𝑡1−𝛾

∗
𝜌(𝑋𝑡+1,ℎ, 𝑋𝑡+1,𝑗 ) ⟶

√

𝑢ℎ𝑢𝑗
𝜎2(𝐮)
𝛼(𝐮) .

Hence, the ratio of the variances 𝑉 𝑎𝑟[𝑋𝑡,ℎ]∕𝑉 𝑎𝑟[𝑋𝑡,𝑗 ] converges to 
the ratio 𝑢ℎ∕𝑢𝑗 of the relative eigenvector centrality scores (with respect 
to 𝛤⊤) of the two nodes (processes) ℎ and 𝑗. Moreover, the correlation 
coefficient between the observations related to any pair of different 
processes converges to zero at the rate 1∕𝑡(1−𝛾∗) when 𝛾∗ < 1 and 
converges to the same strictly positive value when 𝛾∗ = 1.

In short, a balanced system (𝛾∗ = 1) supports persistent uncertainty 
and correlated success across technological categories. By contrast, an 
unbalanced system (𝛾∗ < 1) leads over time to more asymmetric and 
progressively decoupled innovation dynamics. In other words, when 
interaction is strong enough to keep the system balanced, categories 
continue to display common fluctuations and persistent comovement; 
when reinforcement is subcritical, cross-category correlations vanish 
asymptotically and success dynamics become increasingly separated 
across categories.

The interpretation that follows, moreover, is consistent with the lit-
erature emphasizing that innovation outcomes depend on technological 
proximity and network linkages rather than evolving in isolation (Jaffe, 
1989; Taalbi, 2020).

Finally, in order to extend the analysis from category-level success 
counts to source-target success counts, we develop Theorem  3.4. As 
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explained in the following, this theorem examines not only how many 
successful patents there are in each target category ℎ, but also traces the 
source category 𝑘 to which each successful patent originally belonged. 
Namely, in our particular context, we can enrich the model assum-
ing that the number 𝑆𝑡,𝑘,ℎ of successes until time-step 𝑡 in category 
(process) ℎ coming from belonging category 𝑘 is of the form 𝑆𝑡,𝑘,ℎ =
∑𝑡

𝑛=1 𝑋𝑛,ℎ𝑌𝑛,𝑘, where 𝑌𝑛,𝑘 takes value 1 if the category of patent 𝑛 is 𝑘
and 0 otherwise and

3) 𝐘𝑛 = (𝑌𝑛,𝑘)⊤𝑘∈ is independent of 𝐗𝑛 = (𝑋𝑛,ℎ)⊤ℎ∈ and of all the 
past until time-step 𝑛 − 1 with 𝑃 (𝑌𝑛,𝑘 = 1) = 𝜋𝑘 ∈ (0, 1) (where 
∑

𝑘∈ 𝜋𝑘 = 1).

Assumption (3) should be interpreted as a benchmark introduced 
for tractability. Its purpose is to isolate the role of the composition 
of patent activity across source categories, rather than to provide a 
full empirical description of source-category assignment. In particu-
lar, the assumption abstracts from the possibility that patents sort 
endogenously across source categories and from the possibility that 
source-category composition co-evolves with success dynamics.

Under these assumptions, we obtain the following result.

Theorem 3.4.  Under assumptions (1), (2) and (3), denote by 𝛾∗ ∈
(0, 1] the Perron–Frobenius eigenvalue of 𝛤 . Then, for each pair ℎ, 𝑘 ∈ , 
we have
𝑆𝑡,𝑘,ℎ

𝑡𝛾∗
𝑎.𝑠.
⟶ 𝜋𝑘𝑆∞,ℎ

and so 𝑆𝑡,𝑘,ℎ∕𝑆𝑡,𝑗,ℎ
𝑎.𝑠.
⟶ 𝜋𝑘∕𝜋𝑗 .

Theorem  3.4 provides a formal representation of how the composi-
tion of innovation inputs shapes the distribution of successful outcomes 
across technological domains. Specifically – under the benchmark as-
sumption (3)– it shows that, asymptotically, the share of successful 
innovations in a target category reflects the origin distribution of 
patent activity. This result helps clarify how early category composition 
can propagate into long-run patterns of successful innovation across 
interacting technological domains.

The remaining material in this section provides visual illustrations 
of two implications of the framework that are especially relevant for 
the innovation context studied in the paper. First, because categories 
interact through 𝛤 , localized increases in success can propagate across 
related categories. Second, because the framework is stochastic, it 
yields predictions not only for cumulative success dynamics but also 
for the evolution of volatility and cross-category comovement. These 
simulations help make the dynamic logic of the model more transparent 
before turning to the patent data.

3.1. Model implication: simulations with a shock

It is worthwhile to illustrate what the model implies for propagation 
conditional on the cross-category interaction structure 𝛤 . If innovation 
success is cumulative and interdependent, then a shock affecting one 
category should not remain confined to that category, but should 
transmit to other connected categories through the inter-dependent 
reinforcement mechanism. The simulation below visualizes this impli-
cation of the model showing how the effect of a shock to one process 
propagates to the others through the interaction structure. A model that 
accounts for the propagation of innovation shocks, moreover, is useful 
because such spillovers are frequently observed in practice.8

8 A vivid example of this phenomenon is the surge in pharmaceutical 
innovation during the COVID-19 pandemic, which triggered subsequent in-
novations in other fields such as logistics (Dovbischuk, 2022) and IT (Li et al., 
2022), and also prompted a wave of open innovation practices through which 
inventors widely disseminated their contributions (Brem et al., 2021; Lee and 
Trimi, 2021; Ho, 2023).
6 
We consider here a system with 𝑁 = 2 processes starting with the 
same initial composition, 𝜃ℎ = 1∕2 and 𝑐ℎ = 1. The purpose is to analyze 
two simple benchmark interaction structures. The first is a symmetric 
benchmark, in which the two categories are equally connected and 
spillovers are homogeneous across them. The second is an asymmetric 
benchmark, in which cross-category effects are directional and one 
category is more central in the interaction structure than the other. In 
this way, the simulation illustrates how shock propagation depends not 
only on the presence of interdependence, but also on its structure. We 
take into account the following two scenarios:

• mean-field interaction, that is a symmetric interaction matrix 𝛤
of the form 

𝛾𝑗,ℎ =

{

𝛾∗ (𝜄∕𝑁 + (1 − 𝜄)) if 𝑗 = ℎ
𝛾∗ 𝜄∕𝑁 if 𝑗 ≠ ℎ,

(2)

with 𝛾∗, 𝜄 ∈ (0, 1],9 where we have chosen 𝛾∗ = 0.7 and 𝜄 = 0.9, so 
that

𝛤 =
(

0.385 0.315
0.315 0.385

)

;

• non-symmetric interaction matrix 𝛤  with 𝛾∗ = 0.685 and 𝐮 =
(1.394, 0.575)⊤, i.e. 

𝛤 =
(

0.50 0.20
0.45 0.20

)

.

The shock occurs at time 𝑡𝑠ℎ𝑜𝑐𝑘 = 104 and it acts as follows: at time 
𝑡𝑠ℎ𝑜𝑐𝑘 = 104, the probability of having a success for process 1 is 
increased (that is, we give a positive shock to process 1) by replacing 
the parameters 𝜃1 = 1∕2 and 𝑐1 = 1 by the new ones 𝜃𝑠ℎ𝑜𝑐𝑘,1 = 1∕2+104

and 𝑐𝑠ℎ𝑜𝑐𝑘,1 = 1+104. These new values of the parameters remain in the 
dynamics of process 1 for all subsequent time-steps until 𝑡 = 107. The 
parameters for process 2 are unchanged: 𝜃2 = 1∕2 and 𝑐2 = 1 remain 
the same throughout. The number of successes for the two processes, 
namely 𝑆𝑡,1 and 𝑆𝑡,2, are then observed. Fig.  1 shows that the positive 
shock causes the number of successes for process 1 to rise and that this 
effect also propagates to process 2 through the interaction terms in the 
dynamics. It also shows that, although the shock shifts the levels of the 
trajectories, it does not alter their long-run scaling properties, which 
remain governed by the interaction structure summarized by 𝛤 .

3.2. Model implication: simulations on variance and covariances

In this section, we illustrate through simulations the implications 
of Theorem  3.3 in the empirically relevant unbalanced case 𝛾∗ < 1. 
The point is to show that the stochastic predictions of the model are 
not limited to asymptotic statements: even in finite simulations, the 
framework implies that fluctuations in category-specific success and 
cross-category comovement weaken over time when reinforcement is 
subcritical. In other words, as successful innovations become rarer per 
patent opportunity, uncertainty at the category level also declines and 
success dynamics across categories become progressively less corre-
lated. Fig.  2 shows these implications in the same two benchmark 
interaction structures considered in Section 3.1.

Specifically, we run 104 independent simulations of 𝑁 = 2 processes 
up to a final time of 𝑡 = 104, considering the scenarios of mean-field 
and non-symmetric interaction outlined in Section 3.1. In Fig.  2, we 
observe that the variances of both the processes (𝑋𝑡,1)𝑡 and (𝑋𝑡,2)𝑡 decay 
according to a power law with exponent 1 − 𝛾∗ (left panels). Similarly, 
the covariance between the processes (𝑋𝑡,1)𝑡 and (𝑋𝑡,2)𝑡 exhibits a 

9 We refer to this kind of interaction as the mean-field interaction, because 
in this case the term ∑𝑗∈ 𝛾𝑗,ℎ𝑆𝑡,𝑗 in (1) becomes 𝛾∗

(

𝜄
∑

𝑗∈ 𝑆𝑡,𝑗∕𝑁 + (1 − 𝜄)𝑆𝑡,ℎ
)

and so the conditional probability 𝑃𝑡,ℎ depends on a convex combination 
between 𝑆  and the averaged value of all the 𝑆  in the system.
𝑡,ℎ 𝑡,𝑗
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Fig. 1. Linear behavior of the successes counter 𝑆𝑡,1 (red line) and 𝑆𝑡,2 (blue line) along 𝑡, in log10 − log10 scale, in two different scenarios with a positive shock 
on process 1. The two scenarios are distinguished by the type of interaction, i.e. by the form of the interaction matrix 𝛤  used in the simulations. The shock on 
process 1 occurs at time 𝑡𝑠ℎ𝑜𝑐𝑘 = 104 and the system is observed until time-step 𝑡 = 107. We can observe the sudden rise of 𝑆𝑡,1 (red line) caused by the shock and 
how the positive effect of the shock on process 1 propagates to process 2 (consequent progressive rise of the blue line). We can also note that the slope of the 
two lines and the distance between their intercepts are the same before and after the shock, because the interaction matrix 𝛤  does not change: indeed, the slope 
is equal to 𝛾∗ and the distance between the intercepts corresponds to the quantity log10(𝑢1∕𝑢2) = log10(𝑢1) − log10(𝑢2). (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.)
Fig. 2. Linear behavior of 𝑉 𝑎𝑟[𝑋𝑡,ℎ] (left panels) and 𝑐𝑜𝑣[𝑋𝑡,1, 𝑋𝑡,2] (right panels) along 𝑡, in log10 − log10 scale, in two different scenarios. These quantities have 
been estimated by performing 104 independent simulations and the system is observed until time-step 𝑡 = 104. The two scenarios are distinguished by the type of 
interaction, i.e. by the form of the interaction matrix 𝛤  used in the simulation.
comparable asymptotic behavior, with an exponent of 2(1 − 𝛾∗) (right 
panels).

The plots are presented in a log–log scale, where the power-law 
decay appears as linear behavior, with the exponent corresponding 
to the slope of the fitted line obtained from linear regression. In the 
left panels of Fig.  2, the difference between the intercepts can be 
interpreted as the logarithmic ratio between the variances of the two 
categories, i.e., Var[𝑋𝑡+1,1]

Var[𝑋𝑡+1,2]
, which converges to 𝑢1𝑢2 .

In the first scenario of mean-field interaction, the estimated com-
mon slope of −0.286 in Fig.  2 (top-left panel) is in excellent agreement 
7 
with the theoretical value of −(1 − 𝛾∗) = −0.3. In the second scenario 
of nonsymmetric interaction, the estimated common slope (bottom-left 
panel) is −0.302, which is also very close to the theoretical value of 
−(1 − 𝛾∗) = −0.315. The difference in intercepts of the two processes 
in the two scenarios is 0.00023 and 0.367, respectively, which aligns 
well with the theoretical predictions: log10(𝑢1∕𝑢2) = 0 for the mean-field 
case, and log10(𝑢1∕𝑢2) = log10(1.394∕0.575) = 0.385 in the nonsymmetric 
interaction scenario.

For the covariances, Fig.  2 shows that the estimated slope in the 
mean-field scenario (top-right panel) is −0.559, which is in very close 
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agreement with the theoretical value of −2(1 − 𝛾∗) = −0.6. Similarly, 
in the nonsymmetric interaction scenario, the estimated slope (bottom-
right panel) is −0.563, which is in good agreement with the theoretical 
value of −2(1 − 𝛾∗) = −0.629.

Overall, the simulations confirm that, as successful innovations 
become rarer per patent opportunity, innovation dynamics across cat-
egories also become progressively less correlated. This complements 
the earlier results on sublinear growth and stable long-run shares, and 
helps clarify the broader implication of the model: cumulative and 
interdependent innovation need not remain equally volatile or tightly 
coupled as the system expands.

4. Data analysis

Starting from the category-specific success indicators defined in 
Section 2, we now turn to their empirical evolution in the patent data 
following the results derived in Section 3. The most direct quanti-
ties to examine are the cumulative success counts and their relative 
behavior across categories, because these are the observable objects 
through which the model yields its main aggregate implications. We 
therefore study their scaling properties, their long-run proportions, 
and their source-target decomposition, and then report a complemen-
tary inference exercise on interaction intensity under a mean-field 
restriction.

Our dataset consists of the GLOBAL PATSTAT database.10 More 
specifically, we collected all the granted US patent families (DOCDB) 
published in the period [1980 − 2018], with their exact (full) date of 
publication and their CPC-1 category. Moreover, for each patent 𝑛, 
we know if it has been cited by subsequent patents (published in the 
considered period) and which are the citing patents. As observed in 
Section 2, patents may be associated with multiple CPC-1 classes,11 
and this multiplicity is preserved when constructing target-category 
citation counts. By contrast, measures based on the source category, 
which require a unique origin, assign each patent to the modal first-
level CPC letter among its CPC codes.12 In the considered dataset, ties 
were very rare and were resolved by choosing the first CPC code in 
PATSTAT.

We limit ourselves to the CPC categories ℎ ∈  = {𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 ,
𝐺, 𝐻} (i.e. we exclude category 𝑌 13). We take the size 𝑇  of the 
time-window for the computation of the index 𝐼𝑛,ℎ equal to 5 years 
(coherently with other previous studies, e.g. Squicciarini et al. (2013)). 
Therefore, since the available dataset includes patents with publication 
year less than or equal to 𝑇𝑓 = 2018, we perform the analysis on 
the patents with publication year in the period between 1980 and 
(𝑇𝑓−𝑇 ) = 2013, so that, for all of them, we have the entire time-window 
to compute the index. As explained in Section 2, this is done in order 
to neutralize the mechanical right-truncation problem associated with 
unequal citation windows. Indeed, in our analysis, all the considered 
patents have the same time-window of 𝑇 = 5 years to receive citations. 
Finally, we fix the threshold 𝜏 = 0.8 (see Appendix  D for some details 
on the choice of the threshold). We thus obtain a matrix with 𝑁 =

10 The dataset is maintained at IMT School for Advanced Studies Lucca.
11 Approximately 35% of the patents in the dataset belong to multiple CPC-1 
classes.
12 Given a patent 𝑛 belonging to more than one category, we take as source 
category 𝑐𝑛 the modal first-level CPC letter among its CPC codes; while, if a 
patent 𝑛′ belonging to more than one category cites patent 𝑛, then we count 
patent 𝑛′ in the computation of the index 𝐼𝑛,ℎ for each category ℎ to which 
patent 𝑛′ belongs.
13 This category has been excluded due to its broad scope and ambiguity, 
which are well-documented in the literature (Leydesdorff et al., 2017; Rainville 
et al., 2025). Although it is often broadly referred to as the class encompassing 
green patents, it is widely recognized in the green innovation literature 
that only the subclasses 𝑌 02 and 𝑌 04 accurately represent genuine green 
technologies (Corrocher and Mancusi, 2021; Barbieri et al., 2023).
8 
card() = 8 columns, where each row corresponds to a patent 𝑛. The 
patents (and so the rows) are ordered with respect to their publication 
(full) date. The total number of rows is 𝑛𝑡𝑜𝑡 = 5 004 253. The matrix 
entry 𝑥𝑛,ℎ is equal to 1 if the patent 𝑛 is a success for category ℎ, i.e. if 
its value of the index is above the threshold 𝜏, or equal to 0 if 𝑛 is not 
a success. Hence, the constructed matrix can be seen as the realization 
of a finite system {𝑋(ℎ) = (𝑋𝑛,ℎ)𝑛 ∶ ℎ ∈ } of Bernoulli processes. 
The patent ordering induces the relevant notion of system time used 
throughout the paper, and the remainder of the section asks whether 
the aggregate behavior of the real data {𝑥𝑛,ℎ} is in agreement with the 
theoretical results of the previous section.

4.1. Aggregate empirical patterns and their connection with the model

We begin from the cumulative success counts, since these are the 
observable quantities that most directly correspond to the main impli-
cations of the model. Theorem  3.2 predicts that, under the maintained 
assumptions, the number of cumulative successes in each category 
should grow with the same Heaps’ exponent 𝛾∗. Fig.  3 examines this 
first implication in the patent data.

Fig.  3 provides the asymptotic behavior, in log10 − log10 scale, of 
every process 𝑆𝑡,ℎ, that represents the number of successes observed 
in category ℎ until time-step (patent) 𝑡. We can appreciate how the 
lines exhibit the same slope, which indicates that the processes have 
the same Heaps’ exponent. This is exactly in accordance with Theorem 
3.2. The emergence of a common Heaps’ exponent across all categories 
is therefore consistent with the model prediction that category-specific 
cumulative successes share a common long-run scaling parameter. At 
the same time, and coherently with the discussion in Section 3, this 
pattern should be interpreted with some care: it is compatible with the 
presence of systemic interdependence, although it does not by itself dis-
tinguish direct cross-category interaction from co-movement induced 
by broader common factors. We provide here, therefore, evidence con-
sistent with the view that innovation success across categories evolves 
in an interdependent way rather than as a collection of completely 
separate category-specific processes.

The value of the common Heaps’ exponent, estimated as the com-
mon slope of the lines in the log10 − log10 plot, is 𝛾̂∗ = 0.689.14 The 
estimate 𝛾̂∗ = 0.689 therefore implies sublinear growth of cumulative 
successes in system time. Interpreted through the model, this means 
that the probability that the next observed patent is a success declines 
as the number of patents already observed increases. Put differently, 
successful patents continue to occur, but they become less frequent 
relative to the expanding set of patent opportunities. This interpretation 
refers to system time rather than calendar time: Fig.  3 does not imply 
that yearly success rates must decline for purely mechanical reasons, 
but that cumulative success grows less than proportionally with the 
scale of inventive activity. This is the economically relevant sense in 
which success becomes harder to obtain as the system expands. More 
broadly, the common sublinear pattern across categories points to a 
form of bounded scalability in innovation outputs: innovation contin-
ues, but the marginal probability of producing an additional success in 
any category diminishes, consistently with the literature on declining 
research productivity and increasing knowledge burdens (Bloom et al., 
2020; Jones, 2009).

The second empirical implication emphasized in the Introduction 
and derived in Theorem  3.2 concerns not the common growth exponent 
itself, but the long-run relative proportions of successes across cate-
gories. If cumulative success counts scale with the same exponent, then 
their ratios should stabilize over time. Fig.  4 examines this implication.

14 In order to measure the uncertainty of the slopes estimated for each 
category ℎ at a given time-step, we have performed a linear regression with 
random effects, on both intercept and slope and using a subsample of size 104
of the data set. The estimated values of the slopes, one for each category ℎ, 
present a mean equal to ̂𝛾∗ = 0.689 and standard deviation equal to 0.044.
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Fig. 3. Linear behavior of the successes counter 𝑆𝑡,ℎ along 𝑡, in log10 − log10 scale, for each category ℎ. The lines are obtained by a least square interpolation 
using a subsample of size 104 of the data set. We can appreciate how the lines exhibit the same slope, which has been estimated to be equal to 𝛾̂∗ = 0.689. 
Indeed, the goodness of fit 𝑅2 index obtained imposing a common slope is 0.969 and so basically equal to the one obtained allowing the slopes to be different 
across categories, i.e. 0.972. The emergence of a common Heaps’ exponent across all categories is suggestive of shared interdependence, i.e. of the fact that these 
innovation processes are not evolving independently but are shaped by shared systemic dynamics. Moreover, the sub-linear growth reflects diminishing returns 
to cumulative knowledge, increasing innovation complexity, and a bounded scalability in innovation outputs over time. The figure is plotted in system time, so 
the estimated sublinear scaling should be interpreted as a decline in success per patent opportunity rather than as a mechanical statement about calendar-time 
trends.
Fig. 4. Plot of the process 𝑆𝑡,ℎ∕𝑆𝑡,𝐻 along time 𝑡, for all the categories ℎ≠𝐻 . Category 𝐻 is arbitrarily chosen to be the baseline category. The horizontal dashed 
red lines represent an estimation of the ratio 𝑢ℎ∕𝑢𝐻 , obtained as 10𝑑ℎ,𝐻 , where 𝑑ℎ,𝐻 is the difference between the intercepts of the regression lines in Fig.  3 for 
the categories ℎ and 𝐻 . This long-run convergence across categories highlights a structural stabilization in innovation outcomes, despite increasing complexity 
and declining marginal returns to knowledge production. Moreover, note that all the estimated ratios 𝑢ℎ∕𝑢𝐻 are around 1. This means that in the long run the 
numbers of successes in the different categories tend to coincide.
Fig.  4 shows, for each category ℎ, the convergence of the process 
(𝑆𝑡,ℎ∕𝑆𝑡,𝐻 )𝑡 toward the quantity 𝑢ℎ∕𝑢𝐻 , estimated as 10𝑑ℎ,𝐻  where 𝑑ℎ,𝐻
is the difference between the intercepts of the regression lines in Fig. 
3 for the two processes related to the pair (ℎ,𝐻) of categories.15 Also 
this fact is in accordance with Theorem  3.2 and it means that the 
relative number of successes across categories stabilizes over time. In 
other words, although categories may differ in levels, their long-run 
relative success shares tend to settle around stable proportions. This 

15 Category H is arbitrarily chosen to be the baseline category. Any other 
category can be used as a baseline.
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interpretation is in line with work emphasizing that technological in-
terdependencies shape persistent patterns of innovation across domains 
(Taalbi, 2020), even when producing additional influential innovations 
becomes progressively harder over time (Bloom et al., 2020). Moreover, 
the limit corresponds to the ratio of the respective components of the 
eigenvector-centrality scores 𝐮 (with respect to 𝛤⊤).

Taken together, Figs.  3 and 4 provide the empirical counterpart of 
the two main aggregate implications highlighted in the Introduction: 
cumulative successes grow sublinearly in system time and their relative 
shares across categories stabilize in the long run. For this reason, they 
constitute the core empirical evidence of the paper.
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Fig. 5. Linear behavior of the successes counter 𝑆𝑡,𝑘,ℎ along 𝑡 in log10 − log10 scale, for each pair (𝑘, ℎ) of categories (𝑘 =sub-figure, ℎ =color). The lines are 
obtained by a least square interpolation based on a subsample of the dataset with a slope equal to the previously estimated value ̂𝛾∗ = 0.689. The goodness of 
fit 𝑅2 index is 0.851, which is basically the same as the one obtained allowing the slopes to be different across the pairs (𝑘, ℎ) of categories, i.e. 0.855. The 
common slope suggests once again the presence of interaction across the categories. Moreover, the sub-linear growth reflects a consistent sub-linear scaling of 
cross-domain innovation flows, suggesting that while knowledge recombination persists, its marginal productivity diminishes over time across all category pairs.
We now consider an extension that tracks successful patents jointly 
by target category and source category. This part of the analysis is 
included because Theorem  3.4 refines the aggregate cumulative-success 
dynamics by showing how they decompose according to the source 
category from which successful patents originate. In this sense, the 
following evidence is not a separate empirical claim, but a finer de-
composition of the aggregate patterns already documented above.

Fig.  5 provides the asymptotic behavior, in log10 − log10 scale, of 
every process 𝑆𝑡,𝑘,ℎ, that represents the number of successes for cat-
egory ℎ coming from category 𝑘 observed until time-step (patent) 𝑡. 
We can appreciate how the lines exhibit the same slope, equal to the 
previously estimated value 𝛾̂∗ = 0.689 in accordance with Theorem 
3.4. In this sense, the source-target decomposition inherits the same 
aggregate scaling structure documented at the category level.

Finally, each panel of Fig.  6 refers to the successes observed in a 
given category ℎ and shows, for each coming category 𝑘, the conver-
gence of the process 𝑆𝑡,𝑘,ℎ∕𝑆𝑡,𝐻,ℎ toward the quantity 𝜋𝑘∕𝜋𝐻 , estimated 
as 10 to the power of the difference between the intercepts of the 
corresponding regression lines in Fig.  5.16 Also this fact is coherent 
with Theorem  3.4. In the long run, therefore, the number of successful 
innovations in each category ends up matching how much patent 
activity started in each category. Hence, if a certain type of technology 
had a greater patent activity early on, it will also tend to have more 
successful innovations over time.17

Although the main empirical analysis of this section focuses on 
cumulative counts and long-run proportions, it is useful to recall that 
Section 3 also derived an additional implication concerning fluctuations 
and cross-category correlations in the empirically relevant unbalanced 
case 𝛾∗ < 1. In the theoretical development, this result serves to show 
that the stochastic framework yields implications not only for average 

16 Category H in Fig.  6 is arbitrarily chosen to be the baseline category. Any 
other category can be used as a baseline.
17 These patterns are consistent with the benchmark implication in Theorem 
3.4, although that result relies on the stylized assumption (3)and should 
therefore be read as an illustrative benchmark rather than as a full structural 
account of source-category assignment.
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success dynamics but also for the way uncertainty and comovement 
evolve over time. In the empirical logic of the paper, this implica-
tion complements the two core aggregate patterns discussed above by 
clarifying why sublinear cumulative growth and stable long-run shares 
do not imply persistent synchronization in category-specific success 
dynamics.

4.2. Statistical inference on the interaction intensity under the mean-field 
assumption

The evidence reported so far compares the patent data with the 
aggregate implications of the model under a general interaction struc-
ture. We now add a complementary exercise under a more restrictive 
specification. Namely, assuming the system is subjected to a mean-field 
interaction, we can summarize cross-category dependence by a single 
average interaction parameter and perform a tractable benchmark in-
ference exercise on its magnitude. This part of the section is included 
for a different purpose than the figures above. The previous evidence 
asks whether the aggregate patterns predicted by the framework are 
present in the data; the present exercise asks whether the observed 
category-specific success counts move similarly enough to be compati-
ble with a given level of average interaction intensity under a symmetry 
restriction.

A standard approach in innovation studies is to construct measures 
of technological proximity or network relatedness and then use them 
in regression or forecasting exercises to assess their effect on inno-
vative performance (Jaffe, 1989; Pichler et al., 2020; Taalbi, 2020). 
By contrast, under the mean-field specification, our test is model-
based: it assesses whether the observed category-specific success counts 
move similarly enough to be compatible with a given level of average 
interaction intensity. In this sense, the contribution is not to show 
that technological interdependence matters — which is well established 
in the literature — but to provide an inferential procedure that is 
structurally tied to the interacting reinforced Bernoulli framework.

Namely, assuming the system is subjected to a mean-field interac-
tion (note that in this case we have 𝑢ℎ∕𝑢𝑗 = 1 for each ℎ, 𝑗 ∈ ), 
i.e. assuming the interaction matrix 𝛤  to be of the form (2), we can 
perform a suitable test on the parameter 𝜄, that rules the intensity of 
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Fig. 6. Plot of the process 𝑆𝑡,𝑘,ℎ∕𝑆𝑡,𝐻,ℎ along time 𝑡, for all the pairs (𝑘, ℎ) of categories (𝑘 =sub-figure, ℎ =color), with 𝑘≠𝐻 . Category 𝐻 is arbitrarily chosen to 
be the baseline category. The horizontal dashed red lines represent the value 10 to the power of the differences between the intercepts of the regression lines in 
Fig.  5 for the pairs of categories (𝑘, ℎ) and (𝐻,ℎ). This long-run proportionality links early patenting intensity to long-term innovation success, highlighting the 
path-dependent and self-reinforcing nature of technological trajectories.
the interaction. This inferential exercise should be interpreted as a par-
simonious benchmark under a symmetry restriction on the interaction 
structure. Under the mean-field specification, heterogeneous pairwise 
technological linkages are summarized by a single average interaction 
parameter, rather than being allowed to vary across category pairs. 
The restriction is useful for tractable model-based inference, but it is 
not intended as a full description of the heterogeneous and directional 
interdependencies emphasized in the innovation literature (Jaffe, 1986; 
Breschi et al., 2003; Colladon et al., 2025)

Notice that, under the mean-field specification, the parameter 𝜄
measures how strongly categories are tied together through a common 
interaction component. The test checks whether the category-specific 
success counts move similarly enough to be compatible with a given 
level of average interaction across categories.

For a two-sided test with 𝐻0 ∶ 𝜄 = 𝜄0, where 𝜄0 ≤ 1 and 𝜄0 > 1∕2
(the required condition in the theoretical result for having the second 
eigenvalue of 𝛤  strictly smaller than 𝛾∗∕2), we can use the test statistic 
(see Appendix  B for the technical details) 

2𝛥0

‖

‖

‖

𝐒𝑡 − 𝑆𝑡𝟏
‖

‖

‖

2

𝑆𝑡

𝑑∼ 𝜒2(𝑁 − 1) under 𝐻0, (3)

where 𝛥0 = 𝜄0 −
1
2  and 𝑆𝑡 =

𝟏⊤𝐒𝑡
𝑁 =

∑

ℎ∈ 𝑆𝑡,ℎ∕𝑁 . Since this statistic is 
increasing in 𝜄0, it works well also for the one-sided test with 𝐻0 ∶ 𝜄 ≥
𝜄0, with 𝜄0 ∈ (1∕2, 1]. Applying this one-sided test to our real dataset of 
patents, we obtain different 𝑝-values, one for each tested value 𝜄0, that 
are collected in Table  1. We can see that, if we choose the significance 
level 𝛼 = 0.05, then the minimum value of 𝜄0 at which we can reject the 
null hypothesis is 𝜄0 = 0.75.

Taking the value of the parameter 𝛾∗ equal to the estimated one, 
i.e. 𝛾̂∗ = 0.689, we have also computed an estimate of the parameter 
of interest 𝜄 maximizing the (joint) likelihood of the processes 𝑋(ℎ) =
(𝑋𝑛,ℎ)𝑛, ℎ ∈ , i.e. 

𝐿(𝜄 ∣ 𝑥𝑛,ℎ, ℎ ∈ , 𝑛 = 1,… , 𝑛𝑡𝑜𝑡) =
𝑛𝑡𝑜𝑡
∏

𝑛=1

∏

ℎ∈
𝑃 𝑥ℎ,𝑛
ℎ,𝑛 (1 − 𝑃ℎ,𝑛)1−𝑥ℎ,𝑛 .

The obtained estimate is in accordance with the results of Table  1. 
Indeed, the maximum-likelihood estimate of the interaction intensity 
𝜄 is ̂𝜄 = 0.643 and from Table  1 we get that, at the level 𝛼 = 0.05, we can 
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Table 1
𝑝-values associated to the hypothesis test with 𝐻0 ∶ 𝜄 ≥ 𝜄0 under the mean-field 
interaction .
 𝜄0 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95  
 p-value 0.893 0.562 0.273 0.113 0.042 0.015 0.005 0.002 < 0.001 

reject the null hypothesis 𝐻0 ∶ 𝜄 ≥ 0.75, while we do not have enough 
statistical evidence to reject for smaller values of 𝜄0.

The estimated value ̂𝜄 = 0.643 points to a positive but non-maximal 
degree of average interaction across technological categories. Read to-
gether with the hypothesis-test results in Table  1, this suggests that the 
patent data are not compatible with a very high degree of homogeneous 
interaction across categories, while they are clearly inconsistent with 
the view that categories evolve independently. In substantive terms, 
the evidence points to an intermediate configuration: cross-category 
spillovers are strong enough to generate co-movement in innovative 
success, but not so strong as to eliminate category-specific dynamics. 
This interpretation is consistent with the innovation literature showing 
that technological interdependence and relatedness matter for inno-
vative performance, while substantial heterogeneity across domains 
remains an important empirical feature (Jaffe, 1989; Taalbi, 2020; 
Pichler et al., 2020). Importantly, our contribution is not to compare ̂𝜄
to a standard coefficient already used in that literature, but to provide 
a model-based estimate of interaction intensity that is structurally tied 
to the interacting reinforced Bernoulli framework.

5. Conclusions

This paper has asked whether innovation success across technologi-
cal categories can be represented within a single stochastic framework 
that jointly captures cumulativeness within categories and spillovers 
across categories. To address this question, we have proposed a model 
of interacting reinforced Bernoulli processes in which the probability 
that the next observed patent is a success in category ℎ depends on 
past successes both within that category and across the others.

The contribution of the paper is to bring together, within one 
(novel) parsimonious dynamic framework, cumulative reinforcement, 
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cross-category interdependence, and aggregate regularities in innova-
tion outcomes. The value added of the framework, in particular, is that 
it derives, within a single stochastic structure, joint implications for 
success probabilities, cumulative successes, relative success shares, and 
cross-category dependence.

On the empirical side, using granted US patent families from
GLOBAL PATSTAT classified at the CPC-1 level, we have constructed 
category-specific success indicators based on a cohort-normalized
forward-citation measure. The empirical analysis shows that the patent 
data are consistent with the two main aggregate implications empha-
sized in the paper: cumulative successes grow sublinearly in system 
time, and their relative shares across categories stabilize in the long 
run. We have also shown, under the benchmark source-target ex-
tension, that the same aggregate scaling logic carries over to the 
decomposition of successful patents by source category. In addition, 
under a mean-field restriction, we provide a model-based inference 
exercise indicating a positive but non-maximal degree of average 
interaction across categories.

These findings support the paper’s core view of innovation success 
as cumulative and interdependent, while still allowing for category-
specific dynamics. They also reinforce an important interpretive point 
of the analysis: the sublinear result is formulated in system time, so 
it should be read as success becoming rarer per patent opportunity 
as the system expands, not as a mechanical claim about calendar-
time trends. More broadly, the stochastic structure of the framework 
makes it possible to study not only average success trajectories but also 
fluctuations, comovement, and shock propagation.

The analysis remains subject to limitations. The interaction matrix is 
treated as reduced-form and is not itself endogenized; the source-target 
result is derived under a stylized benchmark assumption introduced for 
tractability; and the inferential exercise under the mean-field specifi-
cation is intentionally restrictive, since it summarizes heterogeneous 
interactions through a single average parameter. Moreover, while the 
framework abstracts from exogenous latent common factors, some ob-
served co-movement in the data could in principle also reflect broader 
common influences rather than direct interaction alone.

These limitations also point to directions for further research, in-
cluding applications based on alternative taxonomies or alternative 
indicators of innovative influence and inference for richer interaction 
structures and empirical testing of the behavior along time of the 
fluctuations and of cross-category comovement of the observations. In 
other words, it could be interesting to investigate how the variability 
of the observations 𝑋𝑡,ℎ around their local mean, and their correlations 
across categories, evolve over time by devising measures of dispersion 
within rolling windows.

Overall, the paper provides a parsimonious and empirically inter-
pretable framework for studying how successful innovations accumu-
late across technological categories in the presence of reinforcement 
and interdependence. By linking local success dynamics to observable 
aggregate regularities in patent data, it contributes to the broader effort 
to formalize innovation as a cumulative, interdependent, and stochastic 
process.
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Appendix A. Definitions of novelty in the literature

In patent law, novelty is a legal requirement: for a patent to be 
granted, the invention must be new relative to the prior art at the 
time of filing (Mueller, 2024; Bekkers et al., 2020). By contrast, the 
innovation literature often uses the term ‘‘novelty’’ more broadly to 
refer to concepts such as radicalness, unusual recombination, tech-
nological distance, distinctiveness, or ex post technological impact 
(Abbas et al., 2014; Fleming, 2001; Dahlin and Behrens, 2005; Ver-
hoeven et al., 2016). In this appendix, we use ‘‘novelty’’ in that 
broader academic sense unless otherwise stated. The question is there-
fore not whether a patent is legally novel, but which observable 
features the literature uses to characterize patents as more or less 
novel in an economic and technological sense. Table  A.2 provides a 
selective (non-exhaustive) overview of representative approaches, in-
cluding citation-based, recombination-based, text-based, and composite 
measures. Given the richness of the literature about the subject, as 
aforementioned, the papers that address ‘‘patent novelty’’ adopt their 
own definitions of the term. Consequently, if we attempt to classify 
the main streams of literature on patent novelty, we may identify the 
following:

(i) The older and more established literature is the one that defines 
novelty based on the forward and backward citations (Trajtenberg 
et al., 1997; Squicciarini et al., 2013). Moreover, in the document 
about PATSTAT database we can read: ‘‘The number of citing 
patent documents can be an indicator of the importance of the 
patent. A frequently cited patent can be an indication of a core 
technology’’. This literature has been recently criticized. In Abbas 
et al. (2014), for instance, the authors primarily discuss patent 
novelty in the context of citation analysis, classification systems, 
and keywords. They highlight how backward citations (patents 
cited by a new patent) are commonly used to infer novelty—
specifically, fewer backward citations can signal higher novelty 
because the patent draws less from existing technologies. How-
ever, they criticize citation-based methods, noting that they do 
not always capture the full semantic or functional novelty of a 
patent.



G. Aletti et al. Research Policy 55 (2026) 105587 
Table A.2
This Table lists the various novelty indices brought by the literature. As noted in Lanjouw and Schankerman (2004), however, no single indicator can fully capture 
the quality or value of a patent and multiple indicators (citations, claims, oppositions, family size) provide a more comprehensive and nuanced understanding of 
both the technological importance and the economic potential of innovations.
 Source Novelty Index Quick explanation Based on  
 Squicciarini 
et al. (2013)

Originality𝑝 = 1 −
∑𝑛𝑝

𝑗 𝑠2𝑝𝑗 𝑠𝑝𝑗 is the percentage of citations made by patent p to patent class 𝑗 out of the
𝑛𝑝 IPC 4-digit (or 7-digit) patent codes contained in the patents cited by patent 𝑝. 
Citation measures are built on EPO patents and account for patent equivalents.

Citations  

 Squicciarini 
et al. (2013)

Radicalness𝑝 =
∑𝑛𝑝

𝑗
CT𝑗
𝑛𝑝

; IPC𝑝𝑗≠IPC𝑝 𝐶𝑇𝑗 denotes the count of IPC-4 digit codes 𝐼𝑃𝐶𝑝𝑗 of patent 𝑗 cited in patent 𝑝
that is
not allocated to patent 𝑝, out of 𝑛 IPC classes in the backward citations counted 
at
the most disaggregated level available (up to the 5th hierarchical level). The 
higher
the ratio, the more diversified the array of technologies on which the patent 
relies upon.

Citations
Tech.Knowledge

 

 Own elaboration 
based 
on intuitions in 
Hall et al. 
(2000)
and 
Lanjouw and 
Schankerman 
(2004)

ANPCI𝑖,𝑡 =
𝐶𝑖,𝑡

𝜆𝑡 ⋅
(

1
𝑛𝑡

∑𝑛𝑡
𝑗=1 𝐶𝑗,𝑡

)

where: - 𝐶𝑖,𝑡 is the number of citations 
received by patent 𝑖 in year 𝑡,
- 𝑛𝑡 is the number of patents
filed in year 𝑡,
- 1

𝑛𝑡

∑𝑛𝑡
𝑗=1 𝐶𝑗,𝑡 is the

average number of citations per patent in year 
𝑡,
-𝜆𝑡 is a correction factor to account for
citation inflation, which adjusts the
average citation counts for inter-year 
comparability.
Is the average number of citations per patent 
across
all fields in year 𝑡, divided by a baseline year 
(e.g., 𝑡0)

Intra-year comparison: index is normalized by the average
citations within the same cohort (year and field).
Inter-year comparison: adjusting for citation inflation 𝜆𝑡
should mitigate the bias of comparing
older patents with more citations to newer
ones that have not had as much time to accumulate citations.

Citations  

 Trajtenberg 
et al. (1997)
(Modified better 
version)

𝐺𝑋 = 1 −
∑𝑀𝑖

𝑗=1

(

1
𝑁

∑𝑁
𝑖=1

𝑇 𝑛
𝑗𝑖

𝑇 𝑛
𝑖

)2
𝑋 is the focal patent with 𝑌𝑖 patents citing the focal patent 𝑋, with 𝑖 = 1,… , 𝑁 .
𝑇 𝑛
𝑖  is the total number of IPC 𝑛-digit classes in 𝑦𝑖

𝑇 𝑛
𝑗𝑖 is the total number of IPC 𝑛-digit classes in the 𝑗th IPC4 digit class in 𝑦𝑖
and 𝑗 = 1…𝑀𝑖 where 𝑀𝑖 is the cardinality of all IPC4-digit classes in 𝑦𝑖

Citations
Tech.Knowledge

 

 Various Patent quality: 
Composite indices

Typically based on patent citations, claims, patent renewals and patent family 
size. 
Usually different compositions as follows: [i]Patent quality index 4 – 4 
components:
number of forward citations (up to 5 years after publication); patent family size;
number of claims; and the patent generality index. Only granted patents are 
covered
by the index. [ii] Patent quality index 4b – 4 components, bis: number of
forward citations (up to 5 years after publication); patent family size; corrected 
claims; and
the patent generality index. Only granted patents are covered by the index.
[iii] Patent quality index 6 – 6 components: covers the same components
as above, plus the number of backward citations and the grant lag index. 
Entropy based approaches: Defines a weighting scheme (𝑊 ) for all indicators of 
a patent (citations, claims...)
based on entropy. With 𝑀 patents, it then constructs 𝑀 ⋅𝑊 . A set of negative
(patents with the lowest weighted scores across the majority of indicators) and 
positive patents is
then identified and divided; a similarity across good and negative patents is then 
computed.
The following steps are then performed: Maximum Similarity: For each patent in
𝑀𝑅, the maximum similarity to any patent in 𝑀𝑁 is determined. If the 
maximum similarity 𝑆(𝑀𝑅

𝑖 ,𝑀
𝑁 ) exceeds

a predefined threshold 𝜏, that remaining patent is marked as negative.
The process repeats iteratively. Newly marked negative patents are moved to 
𝑀𝑁 , and the model
re-evaluates the remaining patents in 𝑀𝑅. The iteration stops when the number 
of remaining
patents 𝑀𝑅 is less than a threshold 𝜃, or no new patents are marked as negative.
The final output is a small set of patents in 𝑀𝑅 that are
not marked as negative, indicating their higher potential for technological 
innovation based
on distinctiveness and low similarity to the negative patents.

Various  
13 
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(ii) In Fleming (2001) novelty is primarily defined through the re-
combination of existing knowledge. The core idea is that inno-
vations arise by combining different components (Fleming uses 
U.S. patent classification codes as a proxy for these components 
by examining how frequently different combinations of these 
classifications appear together in patents, Fleming can assess the 
novelty of the recombination18) in new ways. A patent is consid-
ered novel when it brings together elements (or knowledge) that 
have not been combined before, thus creating something new. 
Fleming emphasizes that recombinant novelty can vary in terms 
of uncertainty and outcomes: some combinations lead to break-
throughs, while others fail to generate impactful results. Fleming 
also makes a distinction between simple recombination, which 
involves putting together elements that are closely related or have 
been combined before, and more radical recombination, where 
the components are from different, often unrelated, technological 
fields. The latter leads to higher novelty and a greater chance 
of disruption but also comes with more uncertainty in terms of 
success. Thus, novelty in this context is seen as the creation of new 
combinations of existing components, with the degree of novelty 
depending on how distant or different these components are from 
one another.

(iii) In the early 2000s also another stream of literature developed 
following the influential publication of Aghion et al. (2005) ac-
cording to which novelties were characterized by a certain degree 
of creative destruction. This idea has been incorporated in some 
studies on patents the most insightful of which is maybe Autor 
et al. (2020). The idea, though not explicitly stated, is that a novel 
patent is one that ‘‘destroys’’ similar patents (e.g. reducing the 
sales of products sold with patents in the same sector). Though 
this idea is very appealing it cannot be easily implemented.

(iv) The most recent stream is the one of Natural Language Program-
ming (NLP) and text analyses of patents (Abbas et al., 2014; 
Gerken and Moehrle, 2012). In essence in Gerken and Moehrle 
(2012) the process of calculating patent novelty compares the text 
of a new patent with all previously filed patents. The similarity 
between the new patent and each prior one is measured, and 
the highest similarity score (the patent’s ‘‘oldness’’) is subtracted 
from 1 to determine the novelty score. Essentially, the more 
distinct a new patent is from earlier patents, the higher its nov-
elty. This approach emphasizes the unique content of a patent 
by minimizing similarities with existing technologies. In Abbas 
et al. (2014), semantic analysis is mentioned as a developing 
method, with an emphasis on how linguistic analysis (e.g., an-
alyzing keywords, abstracts) is becoming crucial in identifying 
novel patents. But, their definition of novelty primarily revolves 
around citation gaps19 and technological distance20 (e.g., patents 

18 Specifically, he looks at how often certain technological combinations 
have been used before. If a patent combines classifications that rarely appear 
together or have not been combined before, it is considered more novel. 
This method helps to quantify novelty based on how ‘‘new’’ or ‘‘unusual’’ 
the combination of technological elements is, rather than just looking at the 
number of citations or backward links. Fleming also explores the uncertainty 
associated with novelty, showing that the more novel the combination (i.e., the 
less frequently those components have been combined in the past), the greater 
the uncertainty in terms of the patent’s success.
19 If a patent does not reference many previous patents (or none at all), it 
suggests that the new patent is introducing ideas not heavily reliant on earlier 
work. This is seen as a sign of novelty because it indicates that the patent 
is not just building on existing knowledge, but possibly presenting something 
new.
20 This refers to how different a patent is from those in similar fields. If a 
patent belongs to a new or less crowded technological class (based on how 
patents are categorized), it suggests that the patent is more novel because it 
explores a technological area that has not been fully developed yet.
14 
in new technological classes). More recently Kelly et al. (2021) 
defined, again, patent novelty by focusing on textual similarity. 
They measure novelty by comparing the text content of patents 
to both previous and future patents. A patent is considered novel 
if it is distinct from earlier patents but also relevant to future in-
novations. Their approach uses textual analysis to identify patents 
that contribute significantly to technological progress, and these 
are often predictive of future citations and market value.

Table  A.2 summarizes the above indices. Note that different indices 
may capture different aspects of a patent. For example, the forward 
citations of a patent 𝑛 measure its impact on subsequent ‘‘production’’ 
or innovation, whereas the composition of patent 𝑛 across categories 
reflects its degree of ‘‘interdisciplinarity’’, which can be interpreted as 
a form of ‘‘originality’’. Therefore, it is not necessarily the case that all 
indices are positively correlated with one another.

In the main text we adopt a category-version of the Squicciarini 
et al. (2013) index as our primary measure of patent novelty due to its 
widespread recognition and methodological robustness within the eco-
nomics of innovation literature (Higham et al., 2021; Dehghani et al., 
2023). This index, endorsed and implemented by the OECD in its patent 
quality indicators framework, captures the diversity of technological 
fields cited by a patent-interpreted as a proxy for knowledge recombi-
nation and inventive originality. It has also been applied across a range 
of recent empirical studies (Dehghani et al., 2023; Gao and Lazarova, 
2024; Angori et al., 2024) reflecting its growing standardization and 
comparability across datasets and time. Compared to newer text-based 
or machine-learning approaches, the Squicciarini et al. (2013)’s index 
offers a better replicability, and ease of modification in a cross-category 
setting as ours. Notice, however that our setting is general enough to 
allow for other measures of patent novelty as well.

Appendix B. Proofs of the main results and technical details for 
the statistical test

We here provide the rigorous proofs of the main results and the 
technical details that explain the performed statistical test. These proofs 
are based on the general theory we develop in Appendix  B.1 and which 
has the merit to provide a general mathematical framework that can be 
applied also in other settings.

Proof of Theorem  3.1.  For each time step 𝑡, set 𝐗𝑡 = (𝑋𝑡,1,… , 𝑋𝑡,𝑁 )⊤, 
𝐏𝑡 = (𝑃𝑡,1,… , 𝑃𝑡,𝑁 )⊤ and 𝜽 = (𝜃1,… , 𝜃𝑁 )⊤. Hence, the vectorial dynam-
ics for the random vector 𝐏𝑡 is, for 𝑡 ≥ 0, 
𝐏0 = 𝜽∕𝑐 ≠ 𝟎 a.s.

𝐏𝑡+1 =
(

1 − 1
𝑡 + 1

)

𝐏𝑡 +
1

𝑡 + 1
𝛤⊤𝐗𝑡+1 + 𝑂(1∕𝑡2)𝟏

= 𝐏𝑡 −
1

𝑡 + 1
(𝐼 − 𝛤⊤)𝐏𝑡 +

1
𝑡 + 1

𝛤⊤𝛥𝐌′
𝑡+1 + 𝑂(1∕𝑡2)𝟏,

(B.1)

where 𝛥𝐌′
𝑡+1 = 𝐗𝑡+1 − 𝐏𝑡.

Now, we fix 𝑥 > 0 and set 

𝜁0(𝑥) = 1, 𝜁𝑡(𝑥) =
𝛤 (𝑡 + 𝑥)
𝛤 (𝑡)

∼ 𝑡𝑥 ↑ +∞ . (B.2)

More precisely, from Gouet (1993, Lemma 4.1) we have

𝜁𝑡(𝑥) = 𝑡𝑥 + 𝑂(𝑡𝑥−1) and 1
𝜁𝑡(𝑥)

= 1
𝑡𝑥

+ 𝑂(1∕𝑡𝑥+1),

and so 
1

𝜁𝑡+1(𝑥)𝜁𝑡+1(1 − 𝑥)
=

( 1
(𝑡 + 1)𝑥

+ 𝑂(1∕𝑡𝑥+1)
)( 1

(𝑡 + 1)1−𝑥
+ 𝑂(1∕𝑡2−𝑥)

)

=

1
𝑡 + 1

+ 𝑂(1∕𝑡2).

(B.3)

Hence, multiplying (B.1) by 𝜁𝑡+1(1 − 𝛾∗) and using the relation
𝜁𝑡+1(𝑥) =

𝛤 (𝑡 + 𝑥 + 1) 𝛤 (𝑡)
= 1 + 𝑥 = 1 + 𝑥 + 𝑂(1∕𝑡2),
𝜁𝑡(𝑥) 𝛤 (𝑡 + 1) 𝛤 (𝑡 + 𝑥) 𝑡 𝑡 + 1
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with 𝑥 = 1 − 𝛾∗, we get the following dynamics for 𝐀𝑡 = 𝜁𝑡(1 − 𝛾∗)𝐏𝑡, 
where we set 𝛥𝐌𝑡+1 = 𝜁𝑡+1(1 − 𝛾∗)𝛥𝐌′

𝑡+1:

𝐀𝑡+1 =
(

1 − 1
𝑡 + 1

(𝐼 − 𝛤⊤)
) 𝜁𝑡+1(1 − 𝛾∗)

𝜁𝑡(1 − 𝛾∗)
𝐀𝑡 +

1
𝑡 + 1

𝛤⊤𝛥𝐌𝑡+1

+ 𝑂
( 𝜁𝑡+1(1 − 𝛾∗)

𝑡2
)

𝟏

=
(

1 − 1
𝑡 + 1

(𝐼 − 𝛤⊤)
)(

1 +
1 − 𝛾∗

𝑡 + 1
+ 𝑂(1∕𝑡2)

)

𝐀𝑡

+ 1
𝑡 + 1

𝛤⊤𝛥𝐌𝑡+1 + 𝑂
( 𝜁𝑡+1(1 − 𝛾∗)

𝑡2
)

𝟏

= 𝐀𝑡 −
1

𝑡 + 1
(𝛾∗𝐼 − 𝛤⊤)𝐀𝑡 +

1
𝑡 + 1

𝛤⊤𝛥𝐌𝑡+1 + 𝑂
( 𝜁𝑡+1(1 − 𝛾∗)

𝑡2
)

𝟏 ,

with 𝑂(𝜁𝑡(1 − 𝛾∗)∕𝑡2) = 𝑂(1∕𝑡1+𝛾∗ ).
Now, we are going to apply Theorem  B.2 of Appendix  B.1 with 

𝛷 = 𝛤 , 𝜙∗ = 𝛾∗ and  = (𝑡)𝑡 the natural filtration associated to the 
model, i.e. 𝑡 = 𝜎(𝑋𝑛,ℎ ∶ 𝑛 ≤ 𝑡, ℎ = 1,… , 𝑁). To this purpose, we 
choose 𝐮 and 𝐯 as the left and the right eigenvectors of 𝛤  associated to 
𝛾∗, with strictly positive components and such that 𝐯⊤𝟏 = 1 and 𝐯⊤𝐮 = 1. 
(Recall that 𝛾∗ is simple and it is possible to choose the components 
of these vectors all strictly positive because of the Frobenius–Perron 
theory.) We set 𝐴𝑡 = 𝐯⊤𝐀𝑡 = 𝜁𝑡(1 − 𝛾∗)𝐯⊤𝐏𝑡. First of all, we observe 
that assumptions (i) and (ii) of Theorem  B.2 are satisfied because of 
(1) and (2), that imply 𝛾∗ ∈ (0, 1]. Moreover, also assumption (iii) 
is verified: indeed, we have sup𝑡 𝐸[𝐴𝑡] < +∞ as 𝐴𝑡 is non-negative (see 
Remark  3). Finally, we have

𝑊𝑡 =
𝑁
∑

𝑗=1
𝐸[(𝛥𝑀𝑡+1,𝑗 )2 ∣ 𝑡] = 𝜁𝑡+1(1 − 𝛾∗)2

𝑁
∑

𝑗=1
𝑃𝑗,𝑡(1 − 𝑃𝑗,𝑡) ≤ 𝜁𝑡+1(1 − 𝛾∗)2

𝑁
∑

𝑗=1
𝑃𝑗,𝑡.

Then, denoting by 𝑣min > 0 the minimum element of 𝐯, we obtain

𝜁𝑡+1(1 − 𝛾∗)2
𝑁
∑

𝑗=1
𝑃𝑗,𝑡 ≤ 𝜁𝑡+1(1 − 𝛾∗)2𝐯⊤𝐏𝑡∕𝑣min ≤ 2𝜁𝑡+1(1 − 𝛾∗)𝐴𝑡∕𝑣min.

and so
𝑊𝑡 ≤

1
𝛾∗𝑣min

𝜁𝑡+1(1 − 𝛾∗)𝐴𝑡.

Therefore, recalling that sup𝑡 𝐸[𝐴𝑡] < +∞ as told before, we get
∑

𝑡

1
(𝑡 + 1)2

𝐸[𝑊𝑡] ≤
1

𝛾∗𝑣min
sup
𝑡
𝐸[𝐴𝑡]

∑

𝑡

𝜁𝑡+1(1 − 𝛾∗)
(𝑡 + 1)2

< +∞.

Hence, also assumption (iv) in Theorem  B.2 is satisfied and we get

𝑡1−𝛾
∗𝐏𝑡

𝑎.𝑠.∕𝐿2
∼ 𝜁𝑡(1 − 𝛾∗)𝐏𝑡 = 𝐀𝑡

𝑎.𝑠.
⟶ 𝐏∞ = 𝑃∞𝐮,

where 𝑃∞ = 𝐴∞ is a square-integrable non-negative random variable, 
which is the almost sure limit of the above defined 𝐴𝑡, or equivalently 
(by (B.2)), of 𝑡1−𝛾∗𝐯⊤𝐏𝑡.

It remains to prove that 𝑃 (𝑃∞ > 0) = 1. To this purpose, we use 
(Aletti et al., 2023, Theorem S1.3). Indeed, setting 𝑃𝑡 = 𝐯⊤𝐏𝑡, we have 

𝑃0 = 𝐯⊤𝐏0 =
1
𝑐
𝐯⊤𝜽 > 0

𝑃𝑡+1 =
(

1 − 1
𝑡 + 1

)

𝑃𝑡 +
𝛾∗

𝑡 + 1
𝑋𝑡+1 + 𝑂(1∕𝑡2), 𝑡 ≥ 0,

(B.4)

with 𝑋𝑡+1 = 𝐯⊤𝐗𝑡+1. Hence, if we define the stochastic process  =
(𝑡)𝑡≥0, taking values in the interval [0, 1], as

0 = 𝑃0 > 0, 𝑡+1 =
(

1 − 1
𝑡 + 2

)

𝑡 +
1

𝑡 + 2
𝑌𝑡+1, 𝑡 ≥ 0,

where 𝑌𝑡+1 = 𝛾∗𝑋𝑡+1 (that takes values in [0, 1], since 0 < 𝛾∗ ≤ 1, 
𝑋𝑡+1,𝑗 ∈ {0, 1} and 𝐯⊤𝟏 = 1), then by the technical result in Appendix 
B.2 (applied to 𝑡 = 𝑃𝑡 with 𝛽 = 1) we have
|𝑃𝑡 − 𝑡| = 𝑂(ln(𝑡)∕𝑡) → 0

and also
𝑡1−𝛾

∗
|𝑃 −  | = 𝑂(𝑡1−𝛾 ∗ ln(𝑡)∕𝑡) = 𝑂(ln(𝑡)∕𝑡𝛾

∗
) → 0.
𝑡 𝑡
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Hence, from Aletti et al. (2023, Theorem S1.3) applied to  = (𝑡) with 
𝛿 = 𝛾∗ (note that 𝐸[𝑌𝑡+1|𝑡] = 𝛾∗𝑃𝑡 = 𝛾∗𝑡+𝑂(ln(𝑡)∕𝑡), we get that 𝑡1−𝛾∗𝑡
converges almost surely to a strictly positive finite random variable. 
This random variable is obviously also the almost sure limit of 𝑡1−𝛾∗𝑃𝑡
and so we can conclude that 𝑃 (𝑃∞ > 0) = 1. □

Proof of Theorem  3.2.  From Theorem  3.1, using the same notation 
adopted in its proof, we get

𝑆𝑡,ℎ =
𝑡

∑

𝑛=1
𝑋𝑛,ℎ with 𝐸[𝑋𝑡+1,ℎ ∣ 𝑡] = 𝑃𝑡,ℎ

𝑎.𝑠.∼
𝑃∞,ℎ

𝑡1−𝛾∗

and so, by Williams (1991, sec. 12.15), we get 

𝑆𝑡,ℎ
𝑎.𝑠.∼ 𝑆∞,ℎ 𝑡

𝛾∗  with 𝑆∞,ℎ =
𝑃∞,ℎ

𝛾∗
. (B.5)

(We can also note that, similarly, since the convergence in Theorem  3.1 
is also in mean, we also have 𝐸[𝑆𝑡,ℎ] =

∑𝑡
𝑛=0 𝐸[𝑋𝑛,ℎ] =

∑𝑡
𝑛=0 𝐸[𝑃𝑛,ℎ] ∼

𝑡𝛾∗𝐸[𝑆∞,ℎ].) As a consequence of (B.5) and the fact that 𝑃∞,ℎ∕𝑃∞,𝑗 =
𝑢ℎ∕𝑢𝑗 , we obtain
𝑆𝑡,ℎ

𝑆𝑡,𝑗

𝑎.𝑠.
⟶

𝑆∞,ℎ

𝑆∞,𝑗
=

𝑢ℎ
𝑢𝑗

. □

Proof of Theorem  3.3.  In the proof of Theorem  3.1, we have proven 
that the limit random vector of 𝑡1−𝛾∗𝐏𝑡 is 𝐏∞ = 𝑃∞𝐮, where here 𝑃∞
refers to a precise choice for the vector 𝐮, that is 𝑃∞ = 𝑃∞(𝐮). If we 
choose a different (left) eigenvector 𝐮′ of 𝛤  associated to 𝛾∗, then we 
necessarily have 𝐮′ = 𝐶𝐮 with 𝐶 ≠ 0 and so we can write the limit 
random vector as 𝐏∞ = 𝑃∞(𝐮′)𝐮′ with 𝑃∞(𝐮′) = 𝑃∞(𝐮)∕𝐶. Summing up, 
for any choice of the (left) eigenvector 𝐮, the limit random vector can 
be written as 𝐏∞ = 𝑃∞(𝐮)𝐮 with a suitable square-integrable random 
variable 𝑃∞(𝐮) such that 𝑃 (𝑃∞(𝐮) ≠ 0) = 1 and 𝑃∞(𝐶𝐮) = 𝑃∞(𝐮)∕𝐶. 
In other words, each random variable 𝑃∞,ℎ can be factorized in the 
product of a deterministic term specific for each ℎ, i.e. 𝑢ℎ, and a 
common random term, i.e. 𝑃∞(𝐮).

Since 𝑋𝑡+1,ℎ ∈ {0, 1} with 𝐸[𝑋𝑡+1,ℎ ∣ 𝑡] = 𝑃𝑡,ℎ and the convergence 
of 𝑡1−𝛾∗𝐏𝑡 toward 𝐏∞ is also in quadratic mean, we obtain
𝑡1−𝛾

∗
𝑉 𝑎𝑟[𝑋𝑡+1,ℎ] = 𝑡1−𝛾

∗
𝐸[𝑃𝑡,ℎ(1 − 𝑃𝑡,ℎ)]

⟶

⎧

⎪

⎨

⎪

⎩

𝐸[𝑃∞,ℎ] = 𝑢ℎ𝐸[𝑃∞(𝐮)] for 𝛾∗ < 1

𝐸[𝑃∞,ℎ(1 − 𝑃∞,ℎ)] = 𝑢ℎ𝐸
[

𝑃∞(𝐮)(1 − 𝑢ℎ𝑃∞(𝐮))
]

for 𝛾∗ = 1 .

Therefore, since the sign of the components of 𝐮 (which is the same 
for all of them) necessarily coincides with the one of 𝑃∞(𝐮), in order 
to obtain the first limit relation in Theorem  3.3, we can set 𝛼(𝐮) equal 
to |𝐸[𝑃∞(𝑢)]| when 𝛾∗ < 1 and equal to |𝐸

[

𝑃∞(𝐮)(1 − 𝑢ℎ𝑃∞(𝐮))
]

| when 
𝛾∗ = 1, so that the two possible cases in the above formula can be 
summarized as |𝑢ℎ|𝛼(𝐮). Moreover, for each pair ℎ ≠ 𝑗, since 𝑋𝑡+1,ℎ and 
𝑋𝑡+1,𝑗 are conditionally independent given 𝑡, we get
𝑡2(1−𝛾

∗)𝑐𝑜𝑣(𝑋𝑡+1,ℎ, 𝑋𝑡+1,𝑗 ) = 𝑡2(1−𝛾
∗)𝑐𝑜𝑣(𝑃𝑡,ℎ, 𝑃𝑡,𝑗 ) ⟶ 𝑐𝑜𝑣(𝑃∞,ℎ, 𝑃∞,𝑗 )

= 𝑢ℎ𝑢𝑗𝑉 𝑎𝑟[𝑃∞(𝐮)] .

Hence, in order to obtain the second desired relation, we can set 𝜎2(𝐮) =
𝑉 𝑎𝑟[𝑃∞(𝐮)]. Finally, as a consequence, for the correlation coefficients, 
we have

𝑡1−𝛾∗𝜌(𝑋𝑡+1,ℎ, 𝑋𝑡+1,𝑗 ) =
𝑡2(1−𝛾∗ )𝑐𝑜𝑣(𝑋𝑡+1,ℎ, 𝑋𝑡+1,𝑗 )

√

𝑡(1−𝛾∗ )𝑉 𝑎𝑟[𝑋𝑡+1,ℎ]
√

𝑡(1−𝛾∗ )𝑉 𝑎𝑟[𝑋𝑡+1,𝑗 ]
⟶

√

𝑢ℎ𝑢𝑗
𝜎2 (𝐮)
𝛼(𝐮) . □

Proof of Theorem  3.4.  From Theorems  3.1 and 3.2, using the same 
notation adopted in their proofs, we have by (3)

𝐸[𝑋𝑡+1,ℎ𝑌𝑡+1,𝑘 ∣ 𝑡] = 𝐸[𝑌𝑡+1,𝑘]𝐸[𝑋𝑡+1,ℎ ∣ 𝑡] = 𝜋𝑘𝑃𝑡,ℎ
𝑎.𝑠.∼ 𝑡−(1−𝛾

∗)𝜋𝑘𝑃∞,ℎ = 𝑡−(1−𝛾
∗)𝜋𝑘𝛾

∗𝑆∞,ℎ

and so it is enough to apply (Williams, 1991, sec. 12.15) in order to 
obtain 𝑆 =

∑𝑡 𝑋 𝑌 𝑎.𝑠.∼ 𝜋 𝑆 𝑡𝛾∗ . □
𝑡,𝑘,ℎ 𝑛=1 𝑛,ℎ 𝑛,𝑘 𝑘 ∞,ℎ
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Technical details for the statistical inference (Section 4.2)

We here use the same choice of the eigenvectors 𝐯 and 𝐮 and the 
same notation adopted in the proof of Theorem  3.1. We recall that the 
dynamics of the above defined process 𝐀𝑡 = 𝜁𝑡(1−𝛾∗)𝐏𝑡 with 𝜁𝑡(⋅) defined 
in (B.2), is
𝐀0 = 𝜽∕𝑐

𝐀𝑡+1 = 𝐀𝑡 −
1

𝑡 + 1
(𝛾∗𝐼 − 𝛤⊤)𝐀𝑡 +

1
𝑡 + 1

𝛤⊤𝛥𝐌𝑡+1 + 𝑂
(

𝜁𝑡+1(1 − 𝛾∗)
𝑡2

)

𝟏 ,

where 𝑂(𝜁𝑡(1 − 𝛾∗)∕𝑡2) = 𝑂(1∕𝑡1+𝛾∗ ) and 𝛥𝐌𝑡+1 = 𝜁𝑡+1(1 − 𝛾∗)𝛥𝐌′
𝑡+1

with 𝛥𝐌′
𝑡+1 = 𝐗𝑡+1 − 𝐏𝑡. Moreover, setting 𝐒𝑡 = (𝑆𝑡,1,… , 𝑆𝑡,𝑁 ) and 

𝐁𝑡 =
1

𝜁𝑡(𝛾∗)
𝐒𝑡, we find the following vectorial dynamics:

𝐁0 = 𝟎

𝐁𝑡+1 =
𝜁𝑡(𝛾∗)
𝜁𝑡+1(𝛾∗)

𝐁𝑡 +
1

𝜁𝑡+1(𝛾∗)
𝐗𝑡+1

=
(

1 −
𝛾∗

𝑡 + 1

)

𝐁𝑡 +
1

𝜁𝑡+1(𝛾∗)
𝛥𝐌′

𝑡+1 +
1

𝜁𝑡+1(𝛾∗)
𝐏𝑡

=
(

1 −
𝛾∗

𝑡 + 1

)

𝐁𝑡 +
1

𝜁𝑡+1(𝛾∗)𝜁𝑡+1(1 − 𝛾∗)
𝛥𝐌𝑡+1

+ 1
𝜁𝑡+1(𝛾∗)𝜁𝑡+1(1 − 𝛾∗)

𝜁𝑡+1(1 − 𝛾∗)
𝜁𝑡(1 − 𝛾∗)

𝐀𝑡 .

Using (B.3) and the relation 𝜁𝑡+1(𝑥)∕𝜁𝑡(𝑥) = 1 + 𝑂(1∕𝑡), we obtain 

𝐁𝑡+1 = 𝐁𝑡 −
1

𝑡 + 1
(

𝛾∗𝐁𝑡 − 𝐀𝑡
)

+ 1
𝑡 + 1

𝛥𝐌𝑡+1 + 𝑂(𝜁𝑡(1 − 𝛾∗)∕𝑡2)𝟏 ,
(B.6)

where again 𝑂(𝜁𝑡(1 − 𝛾∗)∕𝑡2) = 𝑂(1∕𝑡1+𝛾∗ ). Finally, we observe that, by 
(B.2), we have
𝑡−(1−𝛾∗)𝐸[𝛥𝐌𝑡+1𝛥𝐌⊤

𝑡+1 |𝑡]
𝑎.𝑠.∼ 𝑡1−𝛾∗𝑑𝑖𝑎𝑔

(

𝑃𝑡,1(1 − 𝑃1,𝑡),… , 𝑃𝑡,𝑁 (1 − 𝑃𝑡,𝑁 )
)

𝑎.𝑠.
⟶

{

𝑑𝑖𝑎𝑔(𝐏∞) for 𝛾∗ < 1

𝑑𝑖𝑎𝑔(𝑃∞,1(1 − 𝑃∞,1),… , 𝑃∞,𝑁 (1 − 𝑃∞,𝑁 )) for 𝛾∗ = 1 (and so 𝐮 = 𝟏)

=

{

𝑃∞𝑑𝑖𝑎𝑔(𝐮) for 𝛾∗ < 1

𝑃∞(1 − 𝑃∞)𝐼 for 𝛾∗ = 1 (and so 𝐮 = 𝟏)

and we recall that, as proven before, 𝐴𝑡 = 𝐯⊤𝐀𝑡 = 𝜁𝑡(1 − 𝛾∗)𝐯⊤𝐏𝑡
𝑎.𝑠.
→ 𝑃∞. 

Therefore, the pair (𝐀𝑡,𝐁𝑡)𝑡 satisfies the dynamics and the conditions 
required in the general central limit theorem proven in Aletti et al. 
(2026, Appendix A), provided we assume 𝑒(𝛾∗2 )∕𝛾

∗ < 1∕2, where 𝛾∗2
is an eigenvalue of 𝛤  different from 𝛾∗ with highest real part, that is 
𝛾∗2 ∈ 𝑆𝑝(𝛤 ) ⧵ {𝛾∗} with 𝑒(𝛾∗2 ) = max{𝑒(𝛾) ∶ 𝛾 ∈ 𝑆𝑝(𝛤 ) ⧵ {𝛾∗}}. Hence, 
we can apply the statistical tools based on that result and described in 
Aletti et al. (2026, Appendix B and C). In particular, in the mean-field 
case we have 𝐯 = 𝑁−1𝟏, 𝐮 = 𝟏 and 𝛾∗2 = 𝛾∗(1 − 𝜄) so that, when 𝜄 > 1∕2, 
we have

(2𝜄 − 1)
‖𝐒𝑡 − (𝐯⊤𝐒𝑡)𝟏‖2

𝐯⊤𝐒𝑡

= (2𝜄 − 1)𝜁𝑡(𝛾∗)
‖𝐁𝑡 − (𝐯⊤𝐁𝑡)𝟏‖2

𝐯⊤𝐁𝑡

𝑎.𝑠.∼ (2𝜄 − 1)𝑡𝛾
∗ ‖𝐁𝑡 − (𝐯⊤𝐁𝑡)𝟏‖2

𝐯⊤𝐁𝑡

𝑑
⟶ 𝜒2(𝑁 −

B.1. General results

Let 𝐀𝑡 = (𝐴𝑡,1,… , 𝐴𝑡,𝑁 )⊤, with 𝑡 ≥ 0, be a multi-dimensional real 
stochastic process, adapted to a filtration (𝑡)𝑡, with the following 
dynamics: 

𝐀𝑡+1 = 𝐀𝑡 −
1

𝑡 + 1
(𝜙∗𝐼 −𝛷⊤)𝐀𝑡 +

1
𝑡 + 1

𝛷⊤𝛥𝐌𝑡+1 + 𝐑𝐴,𝑡+1 (B.7)

where 𝐀0 is integrable and

(i) 𝛷⊤ is a non-negative irreducible matrix with leading eigenvalue 
0 < 𝜙∗ ≤ 1;
16 
(ii) 𝐑𝐴,𝑡+1 = 𝑂(𝑡−(1+𝛽))𝟏 for some 𝛽 > 0.21

Let 𝐮 and 𝐯 be the left and the right eigenvectors of 𝛷 associated to 𝜙∗, 
with strictly positive components and such that 𝐯⊤𝟏 = 1 and 𝐯⊤𝐮 =
1. (Recall that 𝜙∗ is real and simple and it is possible to choose 
the components of these vectors all strictly positive because of the 
Frobenius–Perron theory). Set 𝐴𝑡 = 𝐯⊤𝐀𝑡.

Theorem B.1.  Under (i) and (ii) and assuming
(iii) sup𝑡 𝐸[ |𝐴𝑡| ] < +∞,

we have 𝐴𝑡
a.s.
⟶ 𝐴∞ , where 𝐴∞ is an integrable random variable.

Moreover, if we also assume
(iv) 𝐀0 square-integrable and 

∑

𝑡 𝑤𝑡∕(𝑡 + 1)2 < +∞ where 𝑤𝑡 =
∑𝑁

𝑗=1
𝐸[(𝛥𝑀𝑡+1,𝑗 )2],

then we have sup𝑡 𝐸[(𝐴𝑡)2] < +∞ and so 𝐴𝑡 converges to 𝐴∞ also in 
quadratic mean (i.e. in 𝐿2).

Note that (iii) is verified when (𝐴𝑡)𝑡 is uniformly integrable and in 
this case we also have that the convergence is in mean.

Proof.  By multiplying Eq.  (B.7) by 𝐯⊤ we obtain 

𝐴𝑡+1 = 𝐴𝑡 +
1

𝑡 + 1
𝜙∗𝛥𝑀𝑡+1 + 𝐯⊤𝐑𝐴,𝑡+1 , (B.8)

where 𝛥𝑀𝑡+1 = 𝐯⊤𝛥𝐌𝑡+1. Setting 𝑀̆𝑡 =
∑𝑡

𝑛=1
1
𝑛𝛥𝑀𝑛 and 𝑅𝐴,𝑡+1 =

𝐯⊤𝐑𝐴,𝑡+1 = 𝑂(1∕𝑡1+𝛽 ) (by (ii)), we have 

𝐴𝑡+1 − 𝐴0 =
𝑡

∑

𝑛=0
(𝐴𝑛+1 − 𝐴𝑛) = 𝜙∗𝑀̆𝑡+1 +

𝑡
∑

𝑛=0
𝑅𝐴,𝑛+1 . (B.9)

Hence, since sup𝑡 𝐸[ |𝐴𝑡| ] < +∞ (by (iii)) and ∑𝑡 1∕𝑡1+𝛽 < +∞, we also 
have sup𝑡 𝐸[ |𝑀̆𝑡| ] < +∞. Therefore, (𝑀̆𝑡)𝑡 is a martingale bounded in 
𝐿1 and so it converges almost surely to an integrable random variable 
𝑀̆∞. It follows from (B.9) that (𝐴𝑡) converges almost surely to an 
integrable random variable 𝐴∞. Moreover, we obtain 

(𝐴𝑡 − 𝐴∞)2 =
(

𝜙∗(𝑀̆𝑡 − 𝑀̆∞) +
∑

𝑛≥𝑡
𝑅𝐴,𝑛+1

)2

= (𝜙∗)2(𝑀̆𝑡 − 𝑀̆∞)2 + 𝑂(1∕𝑡𝛽 ) .
(B.10)

Now, we are going to prove that, under assumption (iv), we have 
sup𝑡(𝐴𝑡)2 < +∞ so that (by (B.9)) (𝑀̆𝑡)𝑡 is a martingale bounded in 𝐿2

and so 𝑀̆∞ is square-integrable and 𝑀̆𝑡 converges in quadratic mean to 
it. By (B.10) this fact obviously implies that 𝐴𝑡 converges in quadratic 
mean to 𝐴∞.

We observe that, from (iv) and the fact that (𝛥𝑀𝑡+1)2 ≤ 𝐶
∑𝑁

𝑗=1
(𝛥𝑀𝑡+1,𝑗 )2, we obtain

𝐸
[

|

|

|

𝛥𝑀𝑡+1

𝑡 + 1
𝑅𝐴,𝑡+1

|

|

|

]2
≤ 𝐸

[ (𝛥𝑀𝑡+1)2

(𝑡 + 1)2
]

𝐸[(𝑅𝐴,𝑡+1)2] ≤ 𝐶
𝑤𝑡

(𝑡 + 1)2
𝑂(1∕𝑡2(1+𝛽))

and so

𝐸
[

|

|

|

𝛥𝑀𝑡+1
𝑡 + 1

𝑅𝐴,𝑡+1
|

|

|

]

= 𝑜(1∕𝑡1+𝛽 ).

Therefore, from (B.8), since sup𝑡 𝐸[𝐴𝑡] < +∞, we get

𝐸[(𝐴𝑡+1)2] ≤ 𝐸[(𝐴𝑡)2] + (𝜙∗)2𝐶
𝑤𝑡

(𝑡 + 1)2
+ 𝑂

( 1
𝑡2(1+𝛽)

)

+ 𝑂
( sup𝑡 𝐸[𝐴𝑡]

𝑡1+𝛽
)

+ 𝑜
( 1
𝑡1+𝛽

)

,

= 𝐸[(𝐴𝑡)2] + (𝜙∗)2𝐶
𝑤𝑡

(𝑡 + 1)2
+ 𝑂(1∕𝑡1+𝛽 ) .

21 The notation 𝑅𝑡 = 𝑂(𝑠𝑡) means that 𝑅𝑡 is a (possibly random) remainder 
term such that |𝑅 | ≤ 𝐶𝑠  for a suitable constant 𝐶 and for 𝑡 large enough.
𝑡 𝑡
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Then, we find

|𝐸[(𝐴𝑡)2] − 𝐸[(𝐴0)2]| ≤
𝑡−1
∑

𝑛=0
|𝐸[(𝐴𝑛+1)2] − 𝐸[(𝐴𝑛)2]|

≤ (𝜙∗)2𝐶
∑

𝑛

𝑤𝑛

(𝑛 + 1)2
+
∑

𝑛
𝑂(1∕𝑛1+𝛽 ) < +∞ ,

where we have used (iv) in order to say that the first series is fi-
nite. Therefore, assuming 𝐀0 (and so 𝐴0) square-integrable, we have 
sup𝑡 𝐸[(𝐴𝑡)2] < +∞. □

Remark 3 (Non-Negative Case). Condition (iii) is verified when 𝐴𝑡 is 
non-negative for each 𝑡. Indeed, for each 𝑡, we have

|𝐸[𝐴𝑡] − 𝐸[𝐴0]| ≤
𝑡−1
∑

𝑛=0
|𝐸[𝐴𝑛+1] − 𝐸[𝐴𝑛]| ≤

∑

𝑛
𝑂(1∕𝑛1+𝛽 )

and thus, since the last series is finite and 𝐴0 is integrable, it follows 
sup𝑡 𝐸[𝐴𝑡] < +∞. Hence, if 𝐴𝑡 is non-negative, we can conclude that 
(iii) is verified.

Theorem B.2.  Assuming (i), (ii), (iii) and (iv), we have

𝐀𝑡
a.s.∕𝐿2

⟶ 𝐴∞𝐮,

where 𝐴∞ is a square-integrable random variable.

Proof.  We firstly want to prove that we can neglect the term 𝑅𝐴,𝑡+1 in 
the dynamics (B.7) of 𝐀𝑡.

We recall that the matrix 𝛷⊤ can be decomposed as
𝛷⊤ = 𝜙∗𝐮𝐯⊤ + 𝑈𝐷𝑉 ⊤,

where 𝐷 is the diagonal matrix whose elements are the eigenvalues of 
𝛷 (i.e. of 𝛷⊤) different from 𝜙∗ and 𝑈 and 𝑉  denote the matrices whose 
columns are the left (right) and the right (left) eigenvectors of 𝛷 (of 𝛷⊤, 
respectively) associated to these eigenvalues, so that we have 
𝑉 ⊤𝐮 = 𝑈⊤𝐯 = 0, 𝑉 ⊤𝑈 = 𝑈⊤𝑉 = 𝐼, 𝐼 = 𝐮𝐯⊤ + 𝑈𝑉 ⊤ . (B.11)

Therefore the dynamics of 𝐀𝑡 can be rewritten as follows: 

𝐀𝑡+1 =
(

𝐼 − 1
𝑡 + 1

𝑈 (𝐼𝜙∗ −𝐷)𝑉 ⊤
)

𝐀𝑡

+ 1
𝑡 + 1

𝛷⊤𝛥𝐌𝑡+1 + 𝐑𝐴,𝑡+1.
(B.12)

Let 𝛼𝑗 = 𝜙∗ − 𝜙𝑗 with 𝜙𝑗 eigenvalue of 𝛷 different from 𝜙∗. Then 
𝑒(𝛼𝑗 ) > 0. Moreover, we have 

𝐀𝑡+1 = 𝐶𝑚0 ,𝑡𝐀𝑚0
+

𝑡
∑

𝑘=𝑚0

1
𝑘 + 1

𝐶𝑘+1,𝑡𝛷
⊤𝛥𝐌𝑘+1

+
𝑡

∑

𝑘=𝑚0

𝐶𝑘+1,𝑡𝐑𝐀,𝑘+1

= 𝐶𝑚0 ,𝑡𝐀𝑚0
+

𝑡
∑

𝑘=𝑚0

1
𝑘 + 1

𝐶𝑘+1,𝑡𝛷
⊤𝛥𝐌𝑘+1 + 𝝆𝑡+1 ,

(B.13)

where 𝑚0 is such that 𝑒(𝛼𝑗 )∕(𝑚0 + 1) < 1 for each 𝑗 and

𝐶𝑘+1,𝑡 =
𝑡

∏

𝑚=𝑘+1

(

𝐼 − 1
𝑚 + 1

(𝐼𝜙∗ −𝛷⊤)
)

=
𝑡

∏

𝑚=𝑘+1

(

𝐼 − 1
𝑚 + 1

𝑈 (𝐼𝜙∗ −𝐷)𝑉 ⊤
)

= 𝑈
( 𝑡

∏

𝑚=𝑘+1

(

𝐼 − 1
𝑚 + 1

(𝐼𝜙∗ −𝐷)
)

)

𝑉 ⊤,

and so we can write 𝐶𝑘+1,𝑡 = 𝑈𝐴𝑘+1,𝑡𝑉 ⊤ and

𝐴𝑘+1,𝑡 =
𝑡

∏

𝑚=𝑘+1

(

𝐼 − 1
𝑚 + 1

(𝐼𝜙∗ −𝐷)
)

.

Moreover, setting for any 𝑥 ∈ C with 𝑒(𝑥)∕(𝑚0+1) < 1, 𝑝𝑚0
(𝑥) = 1 and 

𝑝 (𝑥) =
∏𝑘 (1− 𝑥 ) for 𝑘 ≥ 𝑚  and 𝐹 = 𝑝𝑡(𝑥)  for 𝑚 −1 ≤ 𝑘 ≤ 𝑡−1, 
𝑘 𝑚=𝑚0 𝑚+1 0 𝑘+1,𝑡 𝑝𝑘(𝑥) 0

17 
from Aletti et al. (2019, Lemma A.5) we get

[𝐴𝑘+1,𝑡]𝑗𝑗 = 𝐹𝑘+1,𝑡(𝛼𝑗 ).

We now prove that |𝝆𝑡+1|
𝑎.𝑠.
→ 0. To this end, first notice that 

𝑂(|𝐶𝑘+1,𝑡|) = 𝑂(|𝐴𝑘+1,𝑡|) and, setting 𝑎∗2 = 𝑒(𝛼∗2 ) = 𝜙∗ −𝑒(𝜙∗
2) with 𝜙∗

2
eigenvalue of 𝛷, different from 𝜙∗, such that 𝑒(𝜙∗

2) = max𝑗{𝑒(𝜙𝑗 )}, 
we have (see Aletti et al. (2017, Lemma A.4))

|𝐴𝑘+1,𝑡| = 𝑂
(

|𝑝𝑡(𝛼∗2 )|
|𝑝𝑘(𝛼∗2 )|

)

= 𝑂
((𝑘

𝑡

)𝑎∗2
)

for 𝑘 = 𝑚0,… , 𝑡 − 1,

and simply |𝐴𝑡+1,𝑡| = 𝑂(1) for 𝑘 = 𝑡. Moreover, recalling that 𝐑𝐴,𝑡+1 =
𝑂(𝑡−(1+𝛽))𝟏 for some 𝛽 > 0, we have

|𝝆𝑡+1| =
|

|

|

𝑡
∑

𝑘=𝑚0

𝐶𝑘+1,𝑡𝐑𝐴,𝑘+1
|

|

|

= 𝑂
(

𝑡−1
∑

𝑘=𝑚0

(𝑘
𝑡

)𝑎∗2 1
𝑘1+𝛽

)

+ 𝑂(1∕𝑡1+𝛽 )

= 𝑂
( 1
𝑡𝑎

∗
2

𝑡−1
∑

𝑘=𝑚0

𝑘𝑎
∗
2−1−𝛽

)

+ 𝑂(1∕𝑡1+𝛽 ) → 0,

because 𝑎∗2 > 0 and 𝛽 > 0.
Therefore, in all the sequel, without loss of generality, we can 

assume that 𝐀𝑡 follows the dynamics (B.7) with 𝐑𝐴,𝑡+1 = 𝟎.
We now decompose the vectorial process 𝐀𝑡 by means of the Jordan 

representation of the matrix 𝛷. Specifically, for any 𝜙 ∈ 𝑆𝑝(𝛷) ⧵
{𝜙∗}, we can denote as 𝐽𝜙 the Jordan block and with 𝑈𝜙 and 𝑉𝜙 the 
matrices whose columns are, respectively, the left and right (possibly 
generalized) eigenvectors of 𝛷 associated to the eigenvalue 𝜙, i.e. 

𝛷𝑉𝜙 = 𝑉𝜙𝐽𝜙 and 𝑈⊤
𝜙𝛷 = 𝐽𝜙𝑈

⊤
𝜙 .

Then, we can consider the decomposition

𝐀𝑡 = 𝐴𝑡𝐮 +
∑

𝜙∈𝑆𝑝(𝛷)⧵{𝜙∗}
𝐀𝜙,𝑡,

where 𝐴𝑡 = 𝐯⊤𝐀𝑡 (as defined above) and 𝐀𝜙,𝑡 = 𝑈𝜙𝑉 ⊤
𝜙 𝐀𝑡.

We have already proven the almost sure convergence and the 
convergence in 𝐿2 for 𝐴𝑡 under (i), (ii), (iii) and (iv). In the following 
steps we are going to show that, under (i), (ii) and (iv), each 𝐀𝜙,𝑡
converges almost surely and in 𝐿2 to zero. In particular, this last task 
will be done separately for the eigenvalues with |𝜙| < 𝜙∗ and with 
|𝜙| = 𝜙∗. Remember that the assumption that 𝛷 (or, equivalently, 𝛷⊤) 
is irreducible ensures that 𝜙∗ is real, simple and |𝜙| ≤ 𝜙∗ for any 𝜙 ∈
𝑆𝑝(𝛷). Moreover, let us set 𝑊𝑡 =

∑𝑁
𝑗=1 𝐸[(𝛥𝑀𝑡+1,𝑗 )2 ∣ 𝑡] and observe 

that assumption (iv) means 𝐸[
∑

𝑡 𝑊𝑡∕(𝑡 + 1)2] =
∑

𝑡 𝐸[𝑊𝑡]∕(𝑡 + 1)2 =
∑

𝑡 𝑤𝑡∕(1 + 𝑡)2 < +∞, which also implies ∑𝑡 𝑊𝑡∕(𝑡 + 1)2 < +∞ almost 
surely.

Study of  𝐀𝜙,𝑡 with |𝜙| < 𝜙∗.
Let 𝐀̆𝑡 = 𝑉 ⊤

𝜙 𝐀𝑡 and since 𝐀𝜙,𝑡 = 𝑈𝜙𝑉 ⊤
𝜙 𝐀𝑡 = 𝑈𝜙𝐀̆𝑡, it is enough 

to prove that ‖𝐀̆𝑡‖
2 converges a.s. and in 𝐿2 to zero. To this end, by 

multiplying Eq.  (B.7) by 𝑉 ⊤
𝜙 , we have

𝐀̆𝑡+1 =
(

𝐼 − 1
𝑡 + 1

(𝜙∗𝐼 − 𝐽⊤
𝜙 )

)

𝐀̆𝑡 +
1

𝑡 + 1
𝐽⊤
𝜙 𝑉

⊤
𝜙 𝛥𝐌𝑡+1.

Then, since for any real matrix 𝑄 we can write 

𝐸[𝛥𝐌⊤
𝑡+1𝑄𝛥𝐌𝑡+1|𝑡] =

𝑁
∑

𝑗=1
𝑞𝑗𝑗𝐸[(𝛥𝑀𝑗,𝑡+1)2|𝑡]

≤ max 𝑞 𝑊 ,
(B.14)
𝑗 𝑗𝑗 𝑡
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we have that
𝐸[‖𝐀̆𝑡+1‖

2
|𝑡]

≤ ‖

‖

‖

(

(

1 −
𝜙∗

𝑡 + 1

)

𝐼 + 1
𝑡 + 1

𝐽𝜙

)

𝐀̆𝑡
‖

‖

‖

2

+ 1
(𝑡 + 1)2

𝑁
∑

𝑗=1
[𝑉𝜙𝐽𝜙𝐽⊤

𝜙 𝑉
⊤
𝜙 ]2𝑗𝑗𝐸[(𝛥𝑀𝑗,𝑡+1)2|𝑡]

≤
(

1 −
𝜙∗

𝑡 + 1
+

‖𝐽𝜙‖2,2
𝑡 + 1

)2
‖𝐀̆𝑡‖

2

+ 1
(𝑡 + 1)2

max
𝑗

{[𝑉𝜙𝐽𝜙𝐽⊤
𝜙 𝑉

⊤
𝜙 ]2

𝑗𝑗
}𝑊𝑡.

Then, regarding the first term, we note that
(

1 −
𝜙∗

𝑡 + 1
+

‖𝐽𝜙‖2,2
𝑡 + 1

)2
≤
(

1 −
𝜙∗

𝑡 + 1
+

|𝜙| + 𝜙∗

2(𝑡 + 1)

)2
=
(

1 −
𝜙∗ − |𝜙|
2(𝑡 + 1)

)2
,

and so

𝐸[‖𝐀̆𝑡+1‖
2
|𝑡] ≤

(

1 −
𝜙∗ − |𝜙|
2(𝑡 + 1)

)2
‖𝐀̆𝑡‖

2 + 𝐶
(𝑡 + 1)2

𝑊𝑡.

Therefore, since 𝜙∗ > |𝜙| and by (iv), the process ‖𝐀̆𝑡‖
2 is a non-

negative almost supermartingale so that it converges almost surely (see 
Robbins and Siegmund (1971)). Moreover, by applying the expectation, 
we obtain

𝐸[‖𝐀̆𝑡+1‖
2] ≤

(

1 −
𝜙∗ − |𝜙|
2(𝑡 + 1)

)2
𝐸[‖𝐀̆𝑡‖

2] + 𝐶
(𝑡 + 1)2

𝐸[𝑊𝑡],

which, since ∑𝑡(𝜙∗ − |𝜙|)∕(𝑡 + 1) = +∞, by (iv) and Aletti et al. (2023, 
Lemma S1.6), we can conclude that ‖𝐀̆𝑡‖

𝑎.𝑠.∕𝐿2

⟶ 0, and hence 𝐀̆𝑡
𝑎.𝑠.∕𝐿2

⟶ 𝟎.

Study of  𝐀𝜙,𝑡 with |𝜙| = 𝜙∗.
From the Frobenius–Perron theory, we know that each eigenvalue 

with maximum modulus is simple. Let us denote the corresponding 
right and left eigenvectors by 𝐯𝜙 and 𝐮𝜙 of 𝛷. Then, set 𝑎𝜙,𝑡 = 𝐯⊤𝜙𝐀𝑡
so that, since we have 𝐀𝜙,𝑡 = 𝐮𝜙𝐯⊤𝜙𝐀𝑡 = 𝐮𝜙𝑎𝜙,𝑡, it is enough to prove 
that |𝑎𝜙,𝑡| converges to zero almost surely and in 𝐿2. To this end, by 
multiplying Eq.  (B.7) by 𝐯⊤𝜙 , we have

𝑎𝜙,𝑡+1 =
(

1 − 1
𝑡 + 1

(𝜙∗ − 𝜙)
)

𝑎𝜙,𝑡 +
𝜙

𝑡 + 1
𝐯⊤𝜙𝛥𝐌𝑡+1.

Then, using (B.14), we have that

𝐸[|𝑎𝜙,𝑡+1|
2
|𝑡] ≤

|

|

|

1 −
𝜙∗

𝑡 + 1
+

𝜙
𝑡 + 1

|

|

|

2
|𝑎𝜙,𝑡|

2 +
|𝜙|2

(𝑡 + 1)2

𝑁
∑

𝑗=1
|𝑣𝑗 |

2𝐸[(𝛥𝑀𝑗,𝑡+1)2|𝑡]

≤ |

|

|

1 −
𝜙∗

𝑡 + 1
+

𝜙
𝑡 + 1

|

|

|

2
|𝑎𝜙,𝑡|

2 +
|𝜙|2

(𝑡 + 1)2
max

𝑗
{|𝑣𝑗 |

2}𝑊𝑡.

Then, regarding the first term we have that
|

|

|

1 −
𝜙∗

𝑡 + 1
+

𝜙
𝑡 + 1

|

|

|

2
=
(

1 −
𝜙∗

𝑡 + 1
+

𝑒(𝜙)
𝑡 + 1

)2
+
( 𝑚(𝜙)

𝑡 + 1

)2

= 1 +
(𝜙∗ −𝑒(𝜙)

𝑡 + 1

)2
− 2

(𝜙∗ −𝑒(𝜙)
𝑡 + 1

)

+
( 𝑚(𝜙)

𝑡 + 1

)2

= 1 −
( 2(𝜙∗ −𝑒(𝜙))

𝑡 + 1

)

+
(𝜙∗2 − 2𝜙∗𝑒(𝜙) +𝑒(𝜙)2 + 𝑚(𝜙)2

(𝑡 + 1)2
)

= 1 −
( 2(𝜙∗ −𝑒(𝜙))

𝑡 + 1

)

+
( 2𝜙∗(𝜙∗ −𝑒(𝜙))

(𝑡 + 1)2
)

= 1 − 2
( 1
𝑡 + 1

−
𝜙∗

(𝑡 + 1)2
)

(𝜙∗ −𝑒(𝜙))

and so

𝐸[|𝑎𝜙,𝑡+1|
2
|𝑡] ≤

(

1 − 2
( 1
𝑡 + 1

−
𝜙∗

(𝑡 + 1)2
)

(𝜙∗ −𝑒(𝜙))
)

|𝑎𝜙,𝑡|
2 + 𝐶

(𝑡 + 1)2
𝑊𝑡.

Therefore, since 𝜙∗ > 𝑒(𝜙) and by (iv), the process |𝑎𝜙,𝑡|2 is a non-
negative almost supermartingale so that it converges almost surely (see 
Robbins and Siegmund (1971)). Moreover, by applying the expectation, 
we obtain

𝐸
[

|𝑎 |

2] ≤
(

1 − 2
( 1 −

𝜙∗ )

(𝜙∗ −𝑒(𝜙))
)

𝐸
[

|𝑎 |

2] + 𝐶 𝐸[𝑊 ] .
𝜙,𝑡+1 𝑡 + 1 (𝑡 + 1)2 𝜙,𝑡 (𝑡 + 1)2 𝑡

18 
Since ∑𝑡(1∕(𝑡 + 1) − 𝜙∗∕(𝑡 + 1)2) = +∞ and by (iv) and Aletti et al. 
(2023, Lemma S1.6), we can conclude that |𝑎𝜙,𝑡|

𝑎.𝑠.∕𝐿2

⟶ 0, and hence 
𝑎𝜙,𝑡

𝑎.𝑠.∕𝐿2

⟶ 0. □

B.2. Technical result

Let  = (𝑡)𝑡≥0 be a bounded stochastic process with the following 
dynamics

𝑡+1 =
(

1 − 1
𝑡 + 1

)

𝑡 +
1

𝑡 + 1
𝑌𝑡+1 + 𝑅𝑡+1, 𝑡 ≥ 0,

where (𝑌𝑡)𝑡 is a bounded stochastic process and 𝑅𝑡 = 𝑂(1∕𝑡1+𝛽 ) with 
𝛽 > 0. Define a bounded stochastic process  = (𝑡)𝑡≥0 with dynamics

𝑡+1 =
(

1 − 1
𝑡 + 2

)

𝑡 +
1

𝑡 + 2
𝑌𝑡+1, 𝑡 ≥ 0 .

Then

|𝑡 − 𝑡| = 𝑂(1∕𝑡)|0 − 0| +
1
𝑡

𝑡
∑

𝑛=0
𝑂(𝑛−𝛽

′
),

where 𝛽′ = min(𝛽, 1).
Indeed, we can observe that we can write

𝑡+1 =
(

1 − 1
𝑡 + 2

)

𝑡 +
1

𝑡 + 2
𝑌𝑡+1 + 𝑅′

𝑡+1, 𝑡 ≥ 0,

with 𝑅′
𝑡+1 = 𝑅𝑡+1 + 𝑂(1∕𝑡2) = 𝑂(1∕𝑡1+𝛽′ ) and so

𝑡+1 = 𝐶0,𝑡0 +
𝑡

∑

𝑛=0
𝐶𝑛+1,𝑡

𝑌𝑛+1
𝑛 + 2

+
𝑡

∑

𝑛=0
𝐶𝑛+1,𝑡𝑅

′
𝑛+1

where

𝐶0,𝑡 =
𝑡

∏

𝑚=0

(

1 − 1
𝑚 + 2

)

= 𝑂(1∕𝑡)

𝐶𝑛+1,𝑡 =
𝑡

∏

𝑚=𝑛+1

(

1 − 1
𝑚 + 2

)

=

∏𝑡
𝑚=0

(

1 − 1
𝑚+2

)

∏𝑛
𝑚=0

(

1 − 1
𝑚+2

)

= 𝑂(𝑛∕𝑡)

Similarly, we have

𝑡+1 = 𝐶0,𝑡0 +
𝑡

∑

𝑛=0
𝐶𝑛+1,𝑡

𝑌𝑛+1
𝑛 + 2

.

Hence, we obtain

|𝑡+1 − 𝑡+1| ≤ 𝐶0,𝑡|0 − 0| +
|

|

|

𝑡
∑

𝑛=0
𝐶𝑛+1,𝑡𝑅

′
𝑛+1

|

|

|

= 𝑂(1∕𝑡)|0 − 0| +
𝑡

∑

𝑛=0
𝑂
( 𝑛
𝑡

1
𝑛1+𝛽′

)

= 𝑂(1∕𝑡)|0 − 0| +
1
𝑡

𝑡
∑

𝑛=0
𝑂(𝑛−𝛽

′
) .

Appendix C. The case of a reducible interaction matrix

When the interaction matrix 𝛤  is not irreducible, it is possible to 
decompose it in irreducible sub-matrices such that the union of the 
spectra of the sub-matrices coincides with the spectrum of the original 
matrix. In the following, we will describe a heuristic argument (also 
employed in Iacopini et al. (2020) and Aletti et al. (2023)), useful in 
order to detect the rate at which each 𝑆𝑡,ℎ grows along time in the case 
of a general matrix 𝛤 .

The dynamics that rules the vectorial process 𝐒𝑡 = (𝑆𝑡,1,… , 𝑆𝑡,𝑁 )⊤

can be approximated (as 𝑡 → +∞) by the linear system of (determinis-
tic) differential equations

𝐬̇(𝑡) = 𝛤
𝐬(𝑡)

𝑡
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Table D.3
For each category ℎ, percentage of patents with a value of the index 𝐼𝑛,ℎ greater 
than 𝜏 = 0.1, 0.3, 0.5, 0.7, 0.9.
 Category (𝐼𝑛,ℎ > 0.1)% (𝐼𝑛,ℎ > 0.3)% (𝐼𝑛,ℎ > 0.5)% (𝐼𝑛,ℎ > 0.7)% (𝐼𝑛,ℎ > 0.9)% 
 A 1.640% 0.185% 0.045% 0.017% 0.008%  
 B 2.440% 0.250% 0.059% 0.021% 0.008%  
 C 1.180% 0.154% 0.042% 0.017% 0.008%  
 D 0.554% 0.1410% 0.031% 0.017% 0.011%  
 E 1.070% 0.149% 0.038% 0.017% 0.009%  
 F 1.420% 0.170% 0.043% 0.018% 0.008%  
 G 1.450% 0.153% 0.038% 0.016% 0.008%  
 H 1.350% 0.150% 0.037% 0.016% 0.008%  

and hence we can say that 𝐒𝑡 ≈ 𝐬(𝑡) for 𝑡 → +∞. By the change of 
variable 𝑡 = 𝑒𝑧, we get
𝐬̇(𝑧) = 𝛤 𝐬(𝑧),

whose general solution is given by 𝐬(𝑧) = 𝑒𝛤𝑧𝐜. Now, the term 𝑒𝛤𝑧 can 
be expressed using the canonical Jordan form of the matrix 𝛤 , so that 
we obtain

𝐬(𝑧) =
𝑟
∑

𝑘=1
𝑒𝛾𝑘𝑧

𝑝𝑘−1
∑

𝑖=0
𝑧𝑖𝐜𝑖,

where 𝛾1,… , 𝛾𝑟 are the distinct eigenvalues of 𝛤 , 𝑝1,… , 𝑝𝑟 are the sizes 
of the corresponding Jordan blocks and 𝐜𝑖 are suitable vectors related 
to 𝐜 and to the generalized eigenvectors of 𝛤 . Indeed, we can write 
𝛤  as 𝑃𝐽𝑃−1, where 𝐽 is its canonical Jordan form and 𝑃  is a suitable 
invertible matrix of generalized eigenvectors. Therefore, we have 𝑒𝛤𝑧 =
𝑃𝑒𝐽𝑧𝑃−1, where 𝑒𝐽𝑧 is a block matrix with blocks of the form 𝑒𝐽𝑘𝑧 with 
𝐽𝑘 block in 𝐽 . On the other hand, if 𝐽𝑘 = 𝛾𝑘𝐼 +𝑁𝑘 is a generic Jordan 
block of 𝛤  with size 𝑝𝑘 and associated to the eigenvalue 𝛾𝑘, we have

𝑒𝐽𝑘𝑧 = 𝑒𝛾𝑘𝑧𝑒𝑁𝑘𝑧 = 𝑒𝛾𝑘𝑧
𝑝𝑘−1
∑

𝑖=0

𝑧𝑖

𝑖!
𝑁 𝑖

𝑘 .

Changing the variable from 𝑧 to 𝑡, we find 

𝐒𝑡 ≈ 𝐬(𝑡) =
𝑟
∑

𝑘=1
𝑡𝛾𝑘

𝑝𝑘−1
∑

𝑖=0
ln𝑖(𝑡)𝐜𝑖 (C.1)

and so the rate at which 𝑆𝑡,ℎ increases is given by the leading term in 
the expression of 𝑠ℎ(𝑡).

Appendix D. Choice of the threshold (robustness check)

In this section we discuss the choice of the threshold 𝜏 that has been 
used in the data analysis of Section 4 to define when a given patent 𝑛
can be considered a success for (or in) category ℎ, that is, if and only 
if 𝐼𝑛,ℎ > 𝜏. Since we want to identify as a ‘‘success’’ only patents that 
have an extraordinary impact on at least one category, the value of the 
threshold 𝜏 should be greater than the index value of the vast majority 
of patents in the data set. However, this requirement is not so stringent 
in the sense that the percentage of patents with (𝐼𝑛,ℎ > 𝜏) is already 
around 1% for 𝜏 = 0.1 and is below 0.1% for any 𝜏 > 0.5 (see Fig. 
D.7 and Table  D.3 for further details). This means that the majority 
of patents in the data set have an index value very low (precisely, 
below 0.1). This is in accordance with Squicciarini et al. (2013), who 
observed that only a very small subset of patents typically receives a 
large number of forward citations and the mean value of the forward 
index decreases along time.

Then, to verify the robustness of the results of the paper with respect 
to the choice of the threshold 𝜏, we performed the data analysis pre-
sented in Section 4 multiple times, each one using a different threshold 
value. In particular, we have performed a linear regression for every 
process 𝑆𝑡,ℎ, in the log10 − log10 scale, allowing the slopes to be different 
between categories and also imposing a common slope. The results are 
collected in Fig.  D.8, where we can see that the variability presented 
19 
Fig. D.7. Behavior of the mean index per category over the years.

by the slopes is essentially very similar for any value of 𝜏 > 0.2. 
In addition, when we perform the linear regression that imposes the 
same slope for all categories, the estimated common slope ̂𝛾∗ is always 
very close to the value 0.689, that is the one estimated with 𝜏 = 0.8
in Section 4. Finally, we have calculated the goodness-of-fit index 𝑅2

obtained imposing a common slope and the one obtained allowing the 
slopes to be different across categories, and they are always very close 
to each other and always higher than 0.95 for any value of 𝜏 (see Fig. 
D.9).

Appendix E. Econometric robustness check

As a complementary robustness check, we estimate a reduced-form 
econometric specification that asks whether the empirical patterns 
emphasized by the model are also visible in an aggregated panel of 
technological categories over time. The purpose of the exercise is to 
verify, in a more standard econometric setting, whether the successes 
in a target category are positively associated with past successes in the 
same category (path dependence) and with past successes in the other 
categories (cross-fertilization) – both results suggested in the main 
analysis. In other words, the present Appendix investigates whether 
the two qualitative channels underlying the theoretical framework also 
emerge in a conventional finite-sample econometric setting: persistence 
associated with previous success in the same category and predictive 
association with previous success in other technological categories.

To this end, we aggregate the patent-level success indicators 𝑋𝑛,ℎ
to the target-category–year level. Let 𝑌ℎ,𝜏 denote the number of patents 
published in year 𝜏 that qualify as successes in target category ℎ, and 
let 𝑁𝜏 denote the total number of patents published in year 𝜏.22 We 
then define the target-category success rate as

𝑟ℎ,𝜏 =
𝑌ℎ,𝜏
𝑁𝜏

.

Using this rate-based measure, we estimate the following linear speci-
fication:

𝑟ℎ,𝜏 = 𝛼ℎ + 𝜆𝜏 + 𝛽1𝑟ℎ,𝜏−1 + 𝛽2
∑

𝑗≠ℎ
𝑟𝑗,𝜏−1 + 𝜀ℎ,𝜏 ,

22  Because 𝑌ℎ,𝜏 and 𝑁𝜏 are contemporaneous flows, the success rate 𝑟ℎ,𝜏 can 
be constructed without observing the stock of patents or successful patents 
accumulated before 1980. Consequently, the beginning of the sample does 
not mechanically truncate the dependent variable, as it would in an analysis 
based on cumulative patent counts. This does not imply, however, that the pre-
1980 technological history is irrelevant; it may still affect post-1980 outcomes 

through the unobserved initial state of the innovation system.
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Fig. D.8. Different slopes estimated through linear regression on 𝑆𝑡,ℎ, in log10 − log10 scale, for each category ℎ (color line) and each value of the threshold 𝜏
(x-axis). The solid black line indicates the common slope ̂𝛾∗ estimated imposing the same slope for all categories. The dashed horizontal black line indicates the 
common slope ̂𝛾∗ = 0.689 estimated for 𝜏 = 0.8 in Section 4.
Fig. D.9. Goodness-of-fit index 𝑅2 of the linear regression on 𝑆𝑡,ℎ, in log10 − log10 scale, for each value of the threshold 𝜏 (x-axis). The red line indicates the 𝑅2

obtained imposing a common slope and the blue line the 𝑅2 obtained allowing the slopes to be different across categories. Both the lines are always very close 
to each other and always higher than 0.95 for any value of 𝜏. (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)
where 𝛼ℎ are category fixed effects and 𝜆𝜏 are year fixed effects. The 
coefficient 𝛽1 captures path dependence within category ℎ, while 𝛽2
captures cross-fertilization from the other categories.

This formulation is motivated by the empirical structure of the 
paper. Since category-specific success is defined for each patent and 
each target category, the relevant aggregated outcome is the number of 
successes in target category ℎ per patent opportunity in year 𝜏. The rate 
specification therefore provides a natural reduced-form counterpart to 
the paper’s interpretation of success becoming rarer or more persistent 
relative to the scale of inventive opportunities. At the same time, it 
avoids the extreme sparsity of the patent-level binary specification.

Table  E.4 reports the results.
The coefficient on the lagged own-category success rate is positive 

and marginally significant in all specifications, while the coefficient on 
the lagged success rate in the other categories is positive and strongly 
significant. Hence, the reduced-form evidence is consistent with both 
20 
path dependence and cross-fertilization, with stronger support for the 
latter. We notice here that these findings should be interpreted as 
complementary to the main analysis of the paper: they do not replace 
the model-based results, but they show that the two central mechanisms 
highlighted by the theoretical framework are also detectable in a 
conventional econometric specification.

Column (1) regresses the target-category rate on the lag own and 
other categories’ rates. Column (2) adds category and year fixed effects. 
Finally, Column (3) repeats the same linear rate specification as Column 
(2), but augments it with category-year characteristics. These controls 
summarize the observable composition of patenting activity within 
each technological category and year, including the average size of 
patent families, the average number of applicants, the average number 
of inventors, and the relative importance of different filing routes. 
The results leave the main picture broadly unchanged. The coefficient 
on the lagged own-category success rate remains positive, although it 
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Table E.4
Econometric robustness check: target-category success rates.
 (1) (2) (3)  
 Baseline Baseline + FE Baseline + Characteristics 
 Lagged own-category success rate, 𝑟ℎ,𝜏−1 0.162∗ 0.116∗ 0.127∗  
 (0.088) (0.060) (0.067)  
 Lagged other-categories success rate, ∑𝑗≠ℎ 𝑟𝑗,𝜏−1 0.103∗∗∗ 0.113∗∗∗ 0.137∗∗∗  
 (0.013) (0.021) (0.049)  
 Category FE No ✓ ✓  
 Year FE No ✓ ✓  
 Characteristics No No ✓  
 Observations 272 272 252  
 𝑅2 0.620 0.771 0.759  
Notes: The dependent variable is the success rate in target category ℎ and year 𝜏, defined as 𝑟ℎ,𝜏 = 𝑌ℎ,𝜏∕𝑁𝜏 , where 𝑌ℎ,𝜏 is the number of patents 
published in year 𝜏 that qualify as successes in target category ℎ, and 𝑁𝜏 is the total number of patents published in year 𝜏. Robust standard 
errors in parentheses. ∗𝑝 < 0.10, ∗∗𝑝 < 0.05, ∗∗∗𝑝 < 0.01.
becomes less precisely estimated, while the coefficient on the lagged 
success rate in the other categories remains positive and statistically 
significant.

Data availability

We have access to GLOBAL PATSTAT which is not public. We can 
share a subsample.
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